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ION-ACOUSTIC SHOCK IN A COLLISIONAL PLASMA
RENJUN DUAN, SHUANGQIAN LIU, AND ZHU ZHANG
Abstract. The paper is concerned with the propagation of ion-acoustic shock
waves in a collision dominated plasma. We firstly establish the existence and
uniqueness of a small-amplitude smooth travelling wave, then justify its ap-
proximation to the shock profile of the KdV-Burgers equations in a suitable
asymptotic regime where dissipation in terms of viscosity coefficient is much
stronger than dispersion by the Debye length, and prove in the end the large
time asymptotic stability of travelling waves under suitably small smooth per-
turbations.
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1. Introduction
With a rapid phase transition occurring, shock wave is regarded as one of fun-
damental nonlinear phenomena in both gas dynamics and charged plasma. Histor-
ically, there have been a huge number of physical literatures and numerical experi-
ments to understand the propagation of plasma shock waves [18,19,30,32]. In this
paper, we carry out a mathematical study of existence and stability of a smooth
shock profile for a model system of the Navier-Stokes-Poisson equations used to
describe the dynamics of ions with the viscosity effect in the absence of magnetic
fields. We also justify that the propagation of shock profiles is governed by the
KdV-Burgers equations in a suitable regime, which coincides with those results in
numerical simulations, cf. [11, 30].
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1.1. Equations of motion. Under the influence of a self-consistent electrostatic
field, the dynamics of ions can be described by the following one-dimensional Navier-
Stokes-Poisson system:

∂tn+ ∂x(nu) = 0,
∂t(nu) + ∂x(nu
2 + Tn) = µ∂xxu− n∂xφ,
− λ2∂xxφ = n− eφ.
(1.1)
Here n = n(t, x) > 0 and u = u(t, x) are respectively the density and velocity
for ions with t ≥ 0 and x ∈ R. The constants T ≥ 0, µ > 0 and λ > 0 stand
for the absolute temperature, viscosity coefficient and Debye length, respectively.
Particularly, when T = 0, the momentum equation is pressureless and (1.1) is
usually used to model the motion of cold plasma. The electric potential φ = φ(t, x)
is induced by the total charge of ions and electrons. We have assumed that the
density of electrons is determined by the Boltzmann relation ne = e
φ, cf. [4, 21].
Such relation is a physical assumption according to the fact that lighter electrons
get close to the equilibrium state at a much faster rate than heavier ions in plasma,
and also it can be formally derived from the two-fluid model by taking the velocity
of electrons as zero, see [14, 16]. To solve (1.1), initial data are given by
[n, u](0, x) = [n0, u0](x), (1.2)
with
lim
x→±∞
[n0, u0](x) = [n±, u±]. (1.3)
The far-field data of φ are given by
lim
x→±∞
φ(t, x) = φ±, (1.4)
with the quasi-neutral condition φ± = logn± at x = ±∞.
1.2. Existence of shock profile. In general the large time behavior of solutions
to the one-dimensional Cauchy problem (1.1) and (1.2) is determined by the far-
field data [n±, u±, φ±] as given in (1.3) and (1.4). In the paper, we are concerned
with only the shock profile under the quasi-neutral condition φ± = logn±. We first
recall the definition of shock profiles briefly. Let [n, u, φ] be a smooth travelling
wave solution of (1.1) which depends only on the variable ξ = x− st with the wave
speed s to be determined later and connects the far-fields [n±, u±, φ±] at x = ±∞
respectively. The profile is thereby governed by the following system of ODEs:

− sdn
dξ
+
d(nu)
dξ
= 0,
− sd(nu)
dξ
+
d(nu2 + Tn)
dξ
= µ
d2u
dξ2
− ndφ
dξ
,
− λ2 d
2φ
dξ2
= n− eφ,
(1.5)
with
lim
ξ→±∞
[n(ξ), u(ξ), φ(ξ)] = [n±, u±, φ±]. (1.6)
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Note that by using the third equation of (1.5), we can rewrite the last term on the
right hand side of the momentum equation of (1.5) as a conservative form, so that
system (1.5) is equivalent to

− sdn
dξ
+
d(nu)
dξ
= 0,
− sd(nu)
dξ
+
d(nu2 + Tn)
dξ
= µ
d2u
dξ2
+
d
dξ
[
λ2
2
(
dφ
dξ
)2
− eφ
]
,
− λ2 d
2φ
dξ2
= n− eφ,
(1.7)
which consists of two conservation laws together with the Poisson equation for the
electric potential. By integrating the first two equations in (1.7) over −∞ < ξ <∞,
then using φ± = logn±, and further assuming that all the first-order derivative
terms vanish as ξ → ±∞, we obtain the Rankine-Hugoniot conditions as follows:{ − s(n+ − n−) + n+u+ − n−u− = 0,
− s(n+u+ − n−u−) + n+u2+ − n−u2− + (T + 1)(n+ − n−) = 0.
(1.8)
We point out that the R-H condition (1.8) is the same as the one for the following
quasi-neutral Euler system:{
∂tn+ ∂x(nu) = 0,
∂t(nu) + ∂x
(
nu2 + (T + 1)n
)
= 0,
(1.9)
which can be formally obtained by letting µ = λ = 0 in (1.1).
The 1(2)-shock profile is the travelling wave with compressibility, namely, n+ >
n− (n+ < n−, respectively). In this paper, we will concern only the 2-shock profile
(shock profile henceforth) and assume without loss of generality that the upstream
data are constants given by [n−, u−, φ−] = [1, 0, 0].
First of all, as for the existence of shock profiles of (1.1) with fixed constants
µ > 0 and λ > 0, we have
Theorem 1.1. Let T ≥ 0. For given data [n−, u−] with n− > 0, there exist
positive constants εˆ0, C¯,
¯
C, θ and Ck (k = 0, 1, · · · ) such that if [n+, u+] satisfies
(1.8) with n+ < n− and |n+ − n−| ≤ εˆ0, the problem (1.5) or equivalently (1.7)
has a smooth traveling wave solution of the form [n¯, u¯, φ¯](x − st) connecting the
far fields [n±, u±, φ±] with φ± = logn±, which is unique up to a spatial shift and
satisfies the following properties:
n¯x(x− st) = n¯
2u¯x(x− st)
n−|u− − s| , ¯Cn¯x ≤ φ¯x ≤ C¯n¯x < 0, (1.10)
for any x ∈ R and t > 0, and∣∣∣∣ dkdxk [n¯− n±, u¯− u±, φ¯− φ±]
∣∣∣∣ ≤ Ck|n+ − n−|k+1e−θ|n+−n−|·|x−st|, (1.11)
for x− st ≶ 0 and k = 0, 1, · · · .
The existence of shock waves is a fundamental issue in the context of conserva-
tion laws and has attracted a lot of attentions. In particular, there have been a
rather complete theory for the structure of classical shock waves. We mention the
pioneer work by Gilbarg [12] where the shock profile of the Navier-Stokes equations
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was constructed and the shock structure for small viscosity and heat-conductivity
coefficients was also investigated. For system of conservation laws with uniform
viscosity, a topological approach to construct the weak shock profile was discussed
by Smoller and Conley [5]. Later they adopted this approach to the MHD [6]. In
1985, by the aid of center manifold theorem, Majda-Pego [27] built the connection
between admissibility and structure of viscosity matrix and constructed the weak
shock profile for a large class of viscous conservation laws. Their approach can be
also used to deal with the relaxation shock structure problem, see [35]. Indeed, our
approach for the proof of Theorem 1.1 is also based on the center manifold theorem
as in [27].
Moreover, there have also been a huge number of literatures to study the struc-
ture of non-classical shocks in the context of combustion and MHD due to their
physical significance and mathematical interests of analysis. In this direction, we
mention two interesting works [8] and [34]. In the end we point out that a nice and
detailed introduction to the history of the shock structure problem can be found in
the book by Dafermos [7].
1.3. Formal KdV-Burgers approximation. It is well-known (eg. see Chapter 2
in [25]) that the propagation of shock profiles for viscous conservation laws such as
the classical Navier-Stokes equations can be approximately described by the rather
simple viscous Burgers equation in the weak shock regime. However, when the
dispersive effect is involved, the generation of dispersive plasma shock waves has
been observed in physical experiments and investigated by numerical simulations,
for instance, [11,30]. Due to the balance between dissipation and dispersion effects,
plasma waves propagate like the profiles determined by the KdV-Burgers equations.
Motivated by this, we are further interested in understanding the structure of the
obtained ion-acoustic shock waves through the KdV-Burgers approximation from
the mathematical point of view.
We re-set up the problem (1.5) in the regime where both viscosity coefficient µ
and Debye length λ are small and depend on a small parameter ε > 0 by
µ = εµ¯, λ = ε1/2λ¯ (1.12)
for two constants µ¯ and λ¯ of the same order as a typical length. Then the propa-
gation of the shock profile [nε, uε, φε] obtained in Theorem 1.1 can be described by
the following system of ODEs with rescaled viscosity and Debye length:

− sεdnε
dξ
+
d(nεuε)
dξ
= 0,
− sεd(nεuε)
dξ
+
d(nεu
2
ε + Tnε)
dξ
= εµ¯
d2uε
dξ2
− nεdφε
dξ
,
− ελ¯2 d
2φε
dξ2
= nε − eφε ,
(1.13)
supplemented by the corresponding far-field data
lim
ξ→±∞
[nε(ξ), uε(ξ), φε(ξ)] = [nε,±, uε,±, φε,±]. (1.14)
For simplicity, we further denote
δ =
λ¯2
µ¯2
(1.15)
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and introduce a scaled variable z = ξ/µ¯ to the end. Hence the system (1.13) can
be equivalently rewritten as

− sεn′ε + (nεuε)′ = 0,
− sε(nεuε)′ + (nεu2ε + Tnε)′ = εu′′ε − nεφ′ε,
− εδφ′′ε = nε − eφε ,
(1.16)
where ′ stands for the differential operator ddz . Note that the R-H condition (1.8)
for the far fields remains the same in this formulation, and (1.16) is supplemented
with the same far-field data as in (1.14).
Formally, we assume to have the following expansion of [nε, uε, φε] near the
upstream constant equilibrium [nε,−, uε,−, φε,−] = [1, 0, 0]:

nε = 1 + εn1 + ε
2n2 + · · · ,
uε = εu1 + ε
2u2 + · · · ,
φε = εφ1 + ε
2φ2 + · · · .
(1.17)
To make the far fields compatible with the expansion in ε, the shock speed sε and
the downstream constant equilibrium [nε,+, uε,+, φε,+] are also supposed to have
the following asymptotic expansion:

sε =
√
T + 1 + εs1 + ε
2s2 + · · · ,
nε,+ = 1+ εn1,+ + ε
2n2,+ + · · · ,
uε,+ = εu1,+ + ε
2u2,+ + · · · ,
φε,+ = εφ1,+ + ε
2φ2,+ + · · · .
(1.18)
Here
√
T + 1 in the first equation of (1.18) is equal to the acoustic speed of the
second family of characteristic field at [n, u] = [1, 0] for the quasi-neutral Euler
system (1.9), and it is the exact leading term of the asymptotic expansion of sε as
ε→ 0. For brevity, in what follows we shall make a simple choice of sε by
sε =
√
T + 1− ε, (1.19)
and parametrize [nε,+, uε,+, φε,+] in terms of ε > 0 through the R-H condition
(1.8). Here, due to ε > 0, one has sε <
√
T + 1, which is consistent with the
compressibility property of shock profiles. In fact, by substituting (1.19) into the
R-H condition (1.8), one can parametrize the downstream data nε,+, uε,+ and φε,+
in terms of ε as follows:

nε,+ =
s2ε
T + 1
= 1− ε
(
2√
T + 1
− ε
T + 1
)
,
uε,+ = sε(1 − 1
nε,+
) = −ε
(
2 +
ε√
T + 1− ε
)
,
φε,+ = lognε,+ = −ε
(
2√
T + 1
− aε
)
.
(1.20)
Here aε in the last line of (1.20) is denoted by
aε =
1
ε
log
s2ε
T + 1
+
2√
T + 1
.
6 R.-J. DUAN, S.-Q. LIU, AND Z. ZHANG
By (1.19), it is straightforward to verify that
aε =
2
ε
log
(
1− ε√
T + 1
)
+
2√
T + 1
= − ε
T + 1
−O(1)ε2.
Now we are in the position of deriving the equations for [n1, u1, φ1] corresponding
to the first-order terms in (1.17). In fact, substituting (1.17) into (1.16) immediately
yields to the vanishing zeroth order in ε and the subsequent orders as follows:
ε1 :−√T + 1n′1 + u′1 = 0, (1.21)
−√T + 1u′1 + Tn′1 = −φ′1, (1.22)
n1 − φ1 = 0, (1.23)
ε2 :−√T + 1n′2 + u′2 + n′1 + (n1u1)′ = 0, (1.24)
−√T + 1u′2 + Tn2 + u′1 −
√
T + 1(n1u1)
′ + 2u1u′1
= −φ′2 + u′′1 − n1φ′1, (1.25)
n2 − φ2 − 1
2
φ21 = −δφ′′1 , (1.26)
ε3 : · · · .
From (1.21), (1.22) and (1.23), we solve u1 and φ1 in terms of n1 as
u1 =
√
T + 1n1, φ1 = n1. (1.27)
To further derive the equation for n1, we differentiate (1.26) with respect to z, then
multiply (1.24) by
√
T + 1, and further add these two resultant equations to (1.25),
so it follows that
√
T + 1n′1 + u
′
1 + 2u1u
′
1 − u′′1 + n1φ′1 − φ1φ′1 + δφ′′′1 = 0. (1.28)
Substituting (1.27) into (1.28), one derives the equation for n1:
2
√
T + 1n′1 + 2(T + 1)n1n
′
1 −
√
T + 1n′′1 + δn
′′′
1 = 0, (1.29)
with the far fields
lim
z→+∞
n1(z) := n1,+ = − 2√
T + 1
, lim
z→−∞
n1(z) := n1,− = 0. (1.30)
Note that (1.30) above matches (1.20) at the first order of ε. By (1.27) and (1.20)
again, the equations for u1 and φ1 are given by
2u′1 + 2u1u
′
1 − u′′1 +
δ√
T + 1
u′′′1 = 0, (1.31)
with
lim
z→+∞
u1(z) := u1,+ = −2, lim
z→−∞
u1(z) := u1,− = 0, (1.32)
and √
T + 1φ′1 + 2(T + 1)φ1φ
′
1 −
√
T + 1φ′′1 + δφ
′′′
1 = 0, (1.33)
with
lim
z→+∞
φ1(z) := φ1,+ = − 2√
T + 1
, lim
z→−∞
φ1(z) := φ1,− = 0, (1.34)
respectively.
ION-ACOUSTIC SHOCK IN A COLLISIONAL PLASMA 7
Note that if the dissipation is dominated, namely, δ = λ¯2/µ¯2 is small enough,
then the unique (up to a shift) monotone shock profiles n1, u1 and φ1 of the KdV-
Burgers equations can be constructed as in [3]. For completeness, we will list the
related results in Lemma 5.1 in the Appendix.
1.4. Rigorous justification of KdV Burgers approximation. To make a rig-
orous justification of the KdV-Burgers approximation to the ion-acoustic shock
profiles obtained in Theorem 1.1, we start from the rescaled system (1.16) with the
far fields (1.14), where we have chosen sε as in (1.19), the upstream equilibrium
[nε,−, uε,−, φε,−] = [1, 0, 0], and the downstream equilibrium [nε,+, uε,+, φε,+] as in
(1.20). Note that by comparing the far fields [n1,+, u1,+, φ1,+] to [nε,+, uε,+, φε,+],
one has
1
ε2
{[nε,+, uε,+, φε,+]− [1, 0, 0]− ε[n1,+, u1,+, φ1,+]} = [ 1
T + 1
,− 1√
T + 1− ε ,
aε
ε
]
with
aε
ε
= − 1
T + 1
−O(1)ε.
Therefore, one can see that it may not be a good ansatz to directly take [1, 0, 0] +
ε[n1, u1, φ1] as the approximation of [nε, uε, φε] up to the first order for making
the energy estimates on remainders in L2 setting, because their far-field data can-
not be matched. To overcome this trouble, we introduce the modified first-order
approximation [n1,ε, u1,ε, φ1,ε] satisfying

(2
√
T + 1− ε)n′1,ε + 2(T + 1)n1,εn′1,ε −
√
T + 1n′′1,ε + δn
′′′
1,ε = 0,(
2 +
ε√
T + 1− ε
)
u′1,ε + 2u1,εu
′
1,ε − u′′1,ε +
δ√
T + 1
u′′′1,ε = 0,(
2
√
T + 1− aε(T + 1)
)
φ′1,ε + 2(T + 1)φ1,εφ
′
1,ε −
√
T + 1φ′′1,ε + δφ
′′′
1,ε = 0,
(1.35)
with the far-field data:
lim
z→−∞
[n1,ε, u1,ε, φ1,ε](z) = [0, 0, 0], (1.36)
and
lim
z→∞[n1,ε, u1,ε, φ1,ε](z) =
1
ε
{[nε,+, uε,+, φε,+]− [1, 0, 0]}
= [− 2√
T + 1
+
ε
T + 1
,−2− ε√
T + 1− ε ,−
2√
T + 1
+ aε], (1.37)
in terms of (1.20). Note that compared to (1.29), (1.31) and (1.33), we have
modified the coefficients of n′1,ε, u
′
1,ε and φ
′
1,ε in (1.35), respectively, according
to the far-field conditions (1.36) and (1.37). Moreover, since the shock profile is
invariant under a spatial shift, we further set
n1,ε(0) = n1(0), u1,ε(0) = u1(0), φ1,ε(0) = φ1(0)
without loss of generality.
We seek for the shock profile solution in the form:

nε = 1 + εn1,ε + ε
2nR = 1 + εn1 + ε
2(n2 + nR),
uε = εu1,ε + ε
2uR = εu1 + ε
2(u2 + uR),
φε = εφ1,ε + ε
2φR = εφ1 + ε
2(φ2 + φR),
(1.38)
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where [n2, u2, φ2] is defined by
[n2, u2, φ2] := ε
−1[n1,ε − n1, u1,ε − u1, φ1,ε − φ1]. (1.39)
Note that [n2, u2, φ2] is O(1) in terms of Lemma 5.2 in the Appendix, and
lim
z→±∞
[nR, uR, φR] = [0, 0, 0].
The key point is to establish uniform-in-ε estimates for the remainder [nR, uR, φR].
For this purpose, we first derive the equation for [nR, uR, φR] from (1.16) as follows.
In fact, integrating the first equation of (1.16) from −∞ to z yields that
uε =
sε(nε − 1)
nε
. (1.40)
Then from (1.40), one can solve uR in terms of nR as
uR = n
−1
ε (sε − εu1,ε)nR + ε−1n−1ε (sεn1,ε − u1,ε − εn1,εu1,ε). (1.41)
Similar for obtaining (1.7), [nε, uε, φε] also satisfies the following system with two
conservation laws:

− sεn′ε + (nεuε)′ = 0,
− sε(nεuε)′ + (nεu2ε + Tnε)′ = εu′′ε +
(1
2
εδ(φ′ε)
2 − eφε)′,
− εδφ′′ε = nε − eφε .
(1.42)
Substituting (1.40) into the second equation of (1.42) and integrating the resultant
equation, one has
εsεn
−2
ε n
′
ε = (T + 1− s2ε)(nε − 1) + s2εn−1ε (nε − 1)2 −
1
2
εδ(φ′ε)
2 + εδφ′′ε . (1.43)
Here we have used the third equation of (1.42) to replace eφε by nε+εδφ
′′
ε . Plugging
(1.38) into equation (1.43) and the third equation of (1.42) simultaneously, one has
the following system for [nR, φR]:
 n
′
R = 2
(
1 +
√
T + 1n1(z)
)
nR +
δ√
T + 1
φ′′R + r1 + r2 + r3,
−εδφ′′R = nR − φR + r4 + r5 + r6,
(1.44)
where the inhomogeneous terms ri (1 ≤ i ≤ 6) are given by

r1 := (
1√
T + 1
+ n1,ε)n
′
1,ε +
δ(1 + εn1,ε)
ε
√
T + 1
{(1 + εn1,ε)φ′′1,ε − n′′1,ε}
− δ(1 + εn1,ε)
2
2
√
T + 1
(φ′1,ε)
2,
r2 = r2[nR, φR] = O(ε){|nR|+ δ|φ′′R|+ |φ′R|+ |n′R|},
r3 = r3[nR, φR] = O(ε)|nR|2 +O(ε2)
{|nR|2 · [|nR|+ |φ′R|+ δ|φ′′R|]
+|nR| ·
[|φ′R|+ δ|φ′′R|]+ |φ′R|2 · [1 + |nR|2]} ,
r4 = ε
−2(1 + εn1,ε − eεφ1,ε) = O(1),
r5 = r5[φR] := (1− eεφ1,ε)φR = O(ε)|φR|,
r6 = r6[φR] := ε
−2eεφ1,ε(1− eε2φR + ε2φR) = O(ε2)|φR|2.
(1.45)
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For brevity of presentation, we put the explicit formulas of r2 and r3 into the
Appendix, see (5.5) and (5.6) respectively. Moreover, one can see that solutions to
the remainder system (1.44) are not unique due to the translation invariance of the
shock profile. Thus, to the end we set nR(0) = 0 without loss of generality.
Define a weight function
wα = wα(z) = exp
{
α
√
1 + |z|2
}
,
for α > 0, and denote the weighted Sobolev space Hkα for k = 0, 1, · · · as
Hkα =
{
f = f(z) ∈ Hk
∣∣∣∣wα difdzi ∈ L2, 0 ≤ i ≤ k
}
,
associated with the norm
‖f‖Hkα =
{
k∑
i=0
∥∥∥∥wα difdzi
∥∥∥∥2
L2
}1/2
.
For an integer k ≥ 2 and 0 < α < 2, we also define the following solution space for
the remainder equations (1.44):
Xα,k =
{
U(z) = [n(z), φ(z)]
∣∣∣∣n(0) = 0, ‖n‖Hkα + ‖φ‖Hk+2α <∞
}
(1.46)
with the norm
‖U‖Xα,k .= ‖[n, φ]‖Hkα +
√
εδ
∥∥∥∥dk+1φdzk+1
∥∥∥∥
L2α
+ εδ
∥∥∥∥dk+2φdzk+2
∥∥∥∥
L2α
With the above notations on hand, the main result concerning the shock struc-
ture in terms of the KdV-Burgers approximation is stated as follows.
Theorem 1.2. Let T ≥ 0 and 0 < α < 2. There exist positive constants ε0, δ0, cˆ1
and cˆ2 such that if
0 < ε ≤ ε0, 0 < δ = λ¯
2
µ¯2
≤ δ0, cˆ1ε ≤ 1− nε,+ ≤ cˆ2ε, (1.47)
then (1.16) with (1.14) admits a unique shock profile solution [nε, uε, φε] of the form
[nε, uε, φε] = [1, 0, 0] + ε[n1, u1, φ1] + ε
2[n2 + nR, u2 + uR, φ2 + φR], (1.48)
where the first-order KdV-Burgers shock profiles n1, u1 and φ1 solve (1.29), (1.31)
and (1.33) respectively, the second-order correction [n2, u2, φ2] is defined by (1.39)
in terms of [n1, u1, φ1] and its modified approximation [n1,ε, u1,ε, φ1,ε] given by
(1.35), (1.36) and (1.37), and the remainder [nR, uR, φR] is solved by (1.44) and
(1.41) satisfying the estimates:
‖[nR, φR]‖Xα,k ≤ Ck, (1.49)
and
‖uR‖Hkα ≤ Ck, (1.50)
for any integer k ≥ 2, where each Ck > 0 is a generic constant independent of ε
and δ.
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Remark 1.3. From (1.49) and (1.50) we establish the uniform-in-ε estimates on
derivatives of remainder [nR, uR, φR] up to any order, which justifies the KdV-
Burgers approximation of the ion-acoustic shock profile for ε > 0 small enough with
fixed δ > 0. Notice that our estimates are also uniform in δ > 0. Hence one can
recover the classical Burgers approximation to the shock profile of the Navier-Stokes
equations by letting δ → 0+ for fixed suitably small ε > 0.
Remark 1.4. The assumption (1.47) implies that the dissipation dominates over
the dispersion, which leads to a monotone structure of smooth shock waves, see
Lemma 5.1. This is also consistent with the case of the KdV-Burgers equation for
which the stable monotone shock profile exists only when the ratio λ¯/µ¯ is suitably
small, cf. [3,31]. On the other hand, when the dispersion surpasses the dissipation,
the oscillatory transition can be also observed in the plasma shock wave, cf. [11,30].
In fact, it was proved in [3] that the shock for the KdV-Burgers equation has a
one-side oscillatory tail when δ is bigger than a threshold value. Thus it may be
interesting to study whether one can construct the shock wave for the Navier-Stokes-
Poisson system with an oscillatory structure through an approximation by the KdV-
Burgers equations.
Remark 1.5. Due to the fact that [n1, u1, φ1] does not satisfy the far fields con-
dition, a layer correction could be required to be additionally included if one would
expect a much more accurate approximation beyond the KdV-Burgers equations.
This will be left for our future work.
We remark that the problem considered in Theorem 1.2 can be regarded as
an analogy of the singular perturbation problem. In fact, there has been some
interesting studies to analyze the structure of shock profiles for the MHD or the
combustion model with some small physical parameters from a dynamical system
point of view. We list some related works [1, 8, 10] and references therein. In the
end we also point out that when there is no viscosity, the KdV approximation to
the Euler-Poisson equations was studied by Guo and Pu [15].
1.5. Dynamical stability of shock profile. We shall also investigate the large
time asymptotic stability of the smooth travelling shock profile obtained in The-
orem 1.1. For convenience, we formulate the Navier-Stokes-Poisson system in the
Lagrangian coordinates which reads

∂tv − ∂xu = 0,
∂tu+ T∂xv
−1 = µ∂x(v−1∂xu)− v−1∂xφ,
− λ2∂x(v−1∂xφ) = 1− veφ, t > 0, x ∈ R.
(1.51)
Here, v = 1n is the specific volume. We keep on using variables t and x in the
Lagrangian coordinates for brevity. Initial data are given by
[v, u](0, x) = [v0, u0](x)→ [v±, u±] (x→ ±∞), (1.52)
and the far fields of φ(t, x) are given by
lim
x→±∞
φ(t, x) = φ±. (1.53)
Similar to the case of Eulerian coordinates, we can also write the momentum equa-
tion into a conservative form. In fact, multiplying the third equation of (1.51) by
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v−1∂xφ gives
v−1∂xφ =
[− λ2∂x(v−1∂xφ) + veφ]v−1∂xφ = ∂x [−λ2
2
(v−1∂xφ)2 + eφ
]
.
Substituting the above identity into the second equation of (1.51), the system for
[v, u, φ] is rewritten as

∂tv − ∂xu = 0,
∂tu+ (T + 1)∂xv
−1 = µ∂x(v−1∂xu) + λ2∂x
[
(v−1∂xφ)2
2
− v−1∂x(v−1∂xφ)
]
,
− λ2∂x(v−1∂xφ) = 1− veφ.
(1.54)
From (1.54), the R-H condition is given by{ − s(v+ − v−)− (u+ − u−) = 0,
− s(u+ − u−) + (T + 1)(v−1+ − v−1− ) = 0.
(1.55)
Since we concern only the 2-shock profile in the paper, we assume the compress-
ibility v+ > v− in what follows.
In the context of gas dynamics and kinetic theory, the equivalence of shock
profiles in the Eulerian coordinates and Lagrangian coordinates has been shown
in [17]. The case of the Navier-Stokes-Poisson system is similar. Therefore, we
re-state the properties of the shock profile in the Lagrangian coordinates in terms
of Theorem 1.1 as follows.
Proposition 1.6. Let T ≥ 0. For given [v−, u−] with v− > 0, there exists a positive
constant ε˜ such that if [v+, u+] satisfies (1.55) with 0 < v+ − v− ≤ ε˜ then (1.51)
has a unique (up to a shift) shock profile solution [v¯, u¯, φ¯](x− st) connecting the far
fields [v±, u±, φ±] with φ± = − log v±. Moreover, there exist positive constants C˜1,
C˜2, Ck (k = 0, 1, 2, · · · ) and θ, such that for each t > 0 and x ∈ R,

sv¯x = −u¯x > 0, −C˜1v¯x ≤ φ¯x ≤ −C˜2v¯x,∣∣∣∣ dkdxk [v¯ − v±, u¯− u±, φ¯− φ±]
∣∣∣∣ ≤ Ck|v+ − v−|k+1e−θ|v+−v−|·|x−st|, x− st ≶ 0.
(1.56)
Define new coordinates (t, y)
.
= (t, x − st) and formally introduce the anti-
derivative variables as 

Φ(t, y) =
∫ y
−∞
(v(t, y′)− v¯(y′))dy′,
Ψ(t, y) =
∫ y
−∞
(u(t, y′)− u¯(y′))dy′,
(1.57)
and set
Φ0(y) =
∫ y
−∞
(v0 − v¯)(y′)dy′, Ψ0(y) =
∫ y
−∞
(u0 − u¯)(y′)dy′. (1.58)
The main result about the dynamical stability of shock profiles is stated as follows.
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Theorem 1.7. Let T > 0. Let [v±, u±] satisfy (1.55) with φ± = − log v±, and let
the shock profile [v¯, u¯, φ¯] with the shock speed s > 0 be obtained as in Proposition
1.6. Assume [v0 − v¯, u0 − u¯] ∈ L1 ∩H1 with∫ +∞
−∞
(v0 − v¯)(y)dy =
∫ +∞
−∞
(u0 − u¯)(y)dy = 0.
Let
E0 ≡ ‖[v0 − v¯, u0 − u¯]‖2H1 + ‖[Φ0,Ψ0]‖2L2 .
There exist positive constants ε˜0 and e0 such that if
0 < v+ − v− ≤ ε˜0, E0 ≤ e0,
then the Cauchy problem (1.51) together with (1.52) and (1.53) admit a unique
global-in-time solution [v, u, φ](t, x) with
E(t) +
∫ t
0
D(τ)dτ ≤ CE0, (1.59)
for all t ≥ 0, where E(t) and D(t) are respectively denoted by
E(t) ≡ ‖[Φ,Ψ, φ− φ¯](t)‖2H2 (1.60)
and
D(t) ≡ ‖(sv¯v¯y) 12Ψ(t)‖2L2 + ‖[Φy, φt − φ¯t](t)‖2H1 + ‖[Ψy, φ− φ¯](t)‖2H2 . (1.61)
Moreover, the solution [v, u, φ] tends in large time to the shock profile in the follow-
ing sense
lim
t→∞ supy∈R
∣∣∣ [v(t, y)− v¯(y), u(t, y)− u¯(y), φ(t, y)− φ¯(y)] ∣∣∣ = 0. (1.62)
Remark 1.8. The dynamical stability of the ion-acoustic shock profile in the case
of T = 0 remains left, see (4.27) in the proof of Lemma 4.2.
Besides the existence and structure stability, the dynamical stability of shock
waves is another fundamental issue in viscous conservation laws and has attracted
lots of mathematical interests. There have been extensive studies about this prob-
lem. Here we mention only a few related to our interest. In the context of gas
dynamics, it was first studied by Matsumura and Nishihara [29] for the isentropic
Navier-Stokes equations and later extended by Kawashima and Matsumura [20]
to the heat-conductive case. Goodman [13] developed a weighted energy method
to treat the difficulties induced by interaction of the shock profile with waves in
other families, and succeeded in proving the asymptotic stability of shock pro-
files for a general system of convex viscous conservation laws. In the work by
Szepessy and Xin [33], the more accurate long-time ansatz was constructed in the
case when the initial perturbation carry a non-zero mass. We also mention series of
works [22,24,25,36] collaborated by Liu, Yu and Zeng where the Green’s functions
of the linearized equations around the shock profiles have been constructed. Such
approach in terms of Green’s functions not only can establish the fine pointwise
structure of solutions through the wave propagation, but also be widely applied
to a variety of physical situations where complicated bifurcations may occur, for
instance, [23] for the analysis of kinetic boundary layers in the regime of the critical
Mach number. On the other hand, Zumbrun and his collaborators have developed
a theory for stability or instability criteria of shock profiles, see [28] and [9] for
instance. These works have built a connection between the nonlinear stability and
ION-ACOUSTIC SHOCK IN A COLLISIONAL PLASMA 13
spectrum stability of shock profiles, and the criteria for the latter one can be veri-
fied or disproved by the aid of combination of the classical energy method and the
numerical or analytical computation of Evans functions. This approach has been
justified to be quite effective in understanding a large class of non-classical shocks,
such as detonation [26], viscoelasticity [2], MHD [37] and so on.
1.6. Idea of the proof of main results. We briefly state the ideas for the proof
of Theorems 1.1, 1.2 and 1.7. As mentioned before, the proof of Theorem 1.1 is
based on the centre manifold theorem as in [27]. As for Theorem 1.7, the main
efforts have been made to treat the extra effect of the self-consistent force on the
energy estimates, compared to the case of the classical Navier-Stokes equations.
For the proof of Theorem 1.2, the key step is to obtain the uniform-in-ε estimates
on the kth derivatives (k ≥ 2) of the solution to the linearized remainder system
(3.1). The difficulties come from the second order derivative term δφ′′/
√
T + 1
on the right-hand side of the first equation of (3.1). Specifically, when estimating
dkn/dzk, the trouble terms like(
δ√
T + 1
dk+1φ
dzk+1
, w2α
dkn
dzk
)
are hard to handle, due to the degeneracy of the Poisson equation when ε→ 0. To
resolve them, we make an essential use of the structure of the Poisson equation.
Indeed, our strategy is to use the Poisson equation to represent dkn/dzk in terms
of φ, which leads to a crucial cancellation in this inner product term. Also, this
strategy is crucially used in our later stability analysis. Unfortunately, for the dy-
namical stability problem, the principle part of the similar trouble term is involved
in the energy functional E1(t), see (4.25). And, the restriction T > 0 is essentially
required to assure the positivity of E1(t). This is the reason why the condition
T > 0 is necessary in Theorem 1.7.
1.7. Organization and notations. The rest of this paper is organized as follows.
In Section 2, we shall prove Theorem 1.1 for the construction of the shock profile
in terms of (1.7) for the fixed viscosity coefficient µ > 0 and the fixed Debye
length λ > 0. In Section 3, we shall prove Theorem 1.2 for the KdV-Burgers
approximation to the shock profile. One key point there is to show Proposition 3.1
for the existence of solutions to the linear inhomogeneous problem, particularly to
obtain the estimate (3.2). The smallness of δ = λ¯2/µ¯2 plays an essential role in
the analysis. In Section 4, we shall prove Theorem 1.7 concerning the dynamical
stability of the shock profile. In the Appendix, for completeness, we first list a
lemma about the property of the KdV-Burgers shock profile, give the estimates on
the error between [n1, u1, φ1] and [n1,ε, u1,ε, φ1,ε], write down the explicit formula
of remainder r2 and r3 defined in (1.45), and in the end show Lemmas 4.4 and 4.5
related to the higher order energy estimates.
Notations. Throughout this paper, C denotes some generic positive (generally
large) constant and c denotes some generic positive (generally small) constant,
where both C and c may take different values in different places. ‖ · ‖Lp stands for
the Lpx-norm (1 ≤ p ≤ ∞). Sometimes, we denote (·, ·) to be the inner product in
L2x for convenience. We also use H
k (k ≥ 0) to denote the usual Sobolev space with
respect to x variable.
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2. Existence for shock profiles of small amplitude
In this section, we construct the shock profile solution
[n¯, u¯, φ¯](x− st)
to the system (1.1) for the fixed constant viscosity µ > 0 and Debye length λ > 0.
The starting point is to rewrite the Poisson equation as a first-order ODE system
for [φ, φ′] so that one can use the center manifold approach (cf. [27]) to treat the
problem.
Proof of Theorem 1.1. From the first equation of (1.7), one can solve u by n as
u = s(1− n−1). Plugging it back into the second equation of (1.7) and integrating
the resultant equation from −∞ to ξ, one obtains the following equivalent system

dn
dξ
=
n2
µs
{
(T − s2)(n− 1) + s
2(n− 1)2
n
− λ
2W 2
2
+ Z − 1
}
,
dZ
dξ
= ZW,
dW
dξ
= −λ−2(n− Z),
(2.1)
with the far fields given by
lim
ξ→±∞
[n(ξ), Z(ξ),W (ξ)] = [n±, Z±,W±] = [n±, n±, 0].
Here we have denoted Z = eφ and W = dφdξ . For convenience, we introduce U =
[n, Z,W ], U± = [n±, Z±,W±] and write (2.1) in the form U˙ = F (U), where F (·)
denotes the vector field on the right hand of (2.1). Borrowing the idea from [27],
we introduce the following extended ODE system


n˙ =
n2
µτ
{
(T − τ2)(n− 1) + τ
2(n− 1)2
n
− λ
2W 2
2
+ Z − 1
}
,
Z˙ = ZW,
W˙ = −λ−2(n− Z),
τ˙ = 0.
(2.2)
One can see that [n±, Z±,W±, s] are the only two critical points of (2.2). Now we
fix [n−, Z−,W−,
√
T + 1] as a reference state and construct the center manifold of
(2.2) around this reference state. To do so, we calculate the Jacobian of (2.2) at
the critical point [n−, Z−,W−,
√
T + 1] as
J =


− 1
µ
√
T+1
1
µ
√
T+1
0 0
0 0 1 0
− 1λ2 1λ2 0 0
0 0 0 0

 .
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The eigenvalues of J are given by
σ1 = − 1
2µ
√
T + 1
−
√
1
4µ2(T + 1)
+
1
λ2
< 0,
σ2 = σ3 = 0,
σ4 = − 1
2µ
√
T + 1
+
√
1
4µ2(T + 1)
+
1
λ2
> 0.
One has two eigenvectors associated with the zero eigenvalue:
R1 = (1, 1, 0, 0), R2 = (0, 0, 0, 1).
Then by using the Centre Manifold Theorem (e.g. Proposition 3.2 in [27]), we have
the following 2-d manifold M∗ which is invariant by the flow (2.2):{
U = U(η, τ) = U− + η[1, 1, 0] +H(η, τ),
τ = τ,
with |η|+ |τ −√T + 1| ≤ c for some constant c > 0. Here
H(η, τ) = [H1,H2,H3](η, τ)
is the higher order term with
H(0,√T + 1) = Hη(0,
√
T + 1) = Hτ (0,
√
T + 1) = 0. (2.3)
If |n+−1| is small enough, the equilibria [U−, s] and [U+, s] belong toM∗. Therefore,
there exists η+ < 0 such that U+ = U−+ η+[1, 1, 0]+H(η+, s). Here the sign of η+
follows from the compressibility. Pick up the following curve
U(η, τ)|τ=s = [n(η), Z(η),W (η)] := U− + η[1, 1, 0] +H(η, s), (2.4)
for η ∈ [η+, 0]. It is direct to check that U(η, s) is invariant by the flow (2.1), so
that dU(η, s)/dη, the direction field of U(η, s), is parallel to F (U(η, s)). Therefore,
(2.1) admits a trajectory connecting U− and U+ from ξ = −∞ to ξ = +∞, if and
only if the following ODE

dη
dξ
= g(η),−∞ < ξ < +∞,
lim
ξ→−∞
η(ξ) = 0, lim
ξ→+∞
η(ξ) = η+,
(2.5)
induces a well-defined trajectory η = η(ξ) for all ξ ∈ R, where g(η) is determined
by
g(η)Uη(η, s) = F (U(η, s)). (2.6)
Therefore, in what follows we only focus on the existence of the solution to (2.5).
Note that since η+ < 0, the standard ODE theory shows that (2.5) has a smooth
solution if and only if g(η) < 0 for all η ∈ (η+, 0). Since U+ is the unique state
near U− such that F (U+) = 0, it follows from (2.6) that g(η) vanishes only at two
end points of [η+, 0]. To further show that g(η) has the strictly negative sign in the
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open interval (η+, 0), we calculate g˙(0) by differentiating (2.6) and then taking the
inner product of the resulting equation with Uη(0, s) as
g˙(0) =
Uη(0, s)dF (U−)Uη(0, s)T
|Uη(0, s)|2
=
T + 1
2µs
(1 − n+) +O (Hη(0, s))
=
√
T + 1
2µ
(1 − n+) +O
(
(1− n+)2
)
> 0, (2.7)
for |n+ − 1| small enough. Here (2.3) has been used in the last equality in (2.7).
Therefore, it holds that g(η) < 0 in (η+, 0), so that (2.5) admits a smooth solution
η(ξ) for ξ ∈ R. Let
[n¯, u¯, φ¯](ξ) := [n, s(1− n−1), logZ] (η(ξ)) ,
where n(·) and Z(·) are defined in (2.4). It is direct to check that [n¯, u¯, φ¯] solves
(1.5) with (1.6). The monotonicity (1.10) follows from the following computations:

dn¯
dξ
= n˙(η(ξ))
dη
dξ
=
(
1 +H1η (η(ξ), s)
) dη
dξ
∼ dη
dξ
< 0,
du¯
dξ
=
s
n¯2
dn¯
dξ
< 0,
dφ¯
dξ
= Z−1Z˙(η(ξ))
dη
dξ
= Z−1{1 +H2η (η(ξ), s)}
dη
dξ
∼ dn¯
dξ
< 0,
provided that |n+− 1| is sufficiently small. Furthermore, to verify (1.11) for k = 0,
it follows from (2.7) that
|η(ξ)| ≤ C|η+|e−θ(1−n+)|ξ| ≤ C(1− n+)e−θ(1−n+)|ξ|, ξ < 0,
with some constants C > 0 and θ > 0 independent of ξ. Then it follows from (2.4)
that ∣∣[n¯− 1, u¯, φ¯](ξ)∣∣ ≤ C(1 − n+)e−θ(1−n+)|ξ|, ξ < 0.
Similarly, one also has∣∣[n¯− n+, u¯− u+, φ¯− φ+](ξ)∣∣ ≤ C(1 − n+)e−θ(1−n+)|ξ|, ξ > 0.
This then proves (1.11) for k = 0. Estimates on (1.11) with k ≥ 1 for those high-
order derivatives of [n¯, u¯, φ¯] can be similarly obtained by differentiating (1.5), and
the details of the proof are omitted for brevity. It is also straightforward to show
the uniqueness (up to a shift) for the ODE system (1.5) and (1.6). Therefore, we
complete the proof of Theorem 1.1. 
3. KdV-Burgers approximation to shock profiles
In this section we shall prove Theorem 1.2 concerning the KdV-Burgers approx-
imation of the smooth small-amplitude travelling shock profile under the scaling
(1.12) provided that δ > 0 given by (1.15) is small enough. As mentioned in Sec-
tions 1.3 and 1.4, it suffices to study the existence of solutions to the ODE system
(1.44) for the remainders nR and φR.
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3.1. Linear problem. First of all, we start from the following linear inhomoge-
neous problem 

dn
dz
= A(z)n+
δ√
T + 1
d2φ
dz2
+ h1,
− εδd
2φ
dz2
= n− φ+ h2,
n(0) = 0,
(3.1)
where A(z) := 2[1 +
√
T + 1n1(z)]. Recall the solution space Xα,k in (1.46). The
following result is concerned with the solvability and estimates of (3.1), which is a
crucial step for further treating (1.44).
Proposition 3.1. Let k ≥ 2 be an arbitrary integer and 0 < α < 2. There exist
positive constants ε1 and δ1 such that if 0 < ε ≤ ε1, 0 < δ ≤ δ1, and
‖h1‖Hk−1α + ‖h2‖Hk+1α <∞,
then the linear ODE system (3.1) has a unique solution U(z) = [n(z), φ(z)] in Xα,k
satisfying the following estimate:
‖U‖Xα,k ≤ C‖h1‖Hk−1α + C‖h2‖Hkα + Cδ
∥∥∥∥dk+1h2dzk+1
∥∥∥∥
L2α
, (3.2)
where C > 0 is a generic constant independent of ε and δ.
Proof. We divide the proof by three steps.
Step 1. In this step, we treat only the a priori estimates of solutions for the case
k = 2, that is to prove that any smooth solution U(z) = [n(z), φ(z)] to the system
(3.1) enjoys the estimate (3.2) with k = 2. First of all, we estimate n as follows.
From the first equation of (3.1), we can represent n as
n(z) =
∫ z
0
e
∫
z
z′
A(τ)dτ
[
δφ′′√
T + 1
+ h1
]
(z′)dz′. (3.3)
It is direct to check that
lim
z→+∞
A(z) = −2 < 0, lim
z→−∞
A(z) = 2 > 0.
Then from (3.3), we have
‖n‖L2α ≤ Cδ‖φ′′‖L2α + C‖h1‖L2α , (3.4)
for α ∈ (0, 2). Here we emphasize that the constant C > 0 is independent of ε and
δ. Then, again from the first equation of (3.1), one has
‖n′‖L2α ≤ |A|L∞‖n‖L2α + Cδ‖φ′′‖L2α + C‖h1‖L2α ≤ Cδ‖φ′′‖L2α + C‖h1‖L2α . (3.5)
Next, we turn to estimate φ. Taking the inner product of the second equation of
(3.1) with w2αφ, one has
‖φ‖2L2α = (εδφ
′′, w2αφ) + (n+ h2, w
2
αφ).
By Cauchy-Schwarz, the second inner product term is bounded by
|(n+ h2, w2αφ)| ≤ η‖φ‖2L2α + Cη{‖n‖
2
L2α
+ ‖h2‖2L2α},
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with an arbitrary constant 0 < η < 1 to be chosen later. As to the first inner
product term, it holds from integration by parts and Cauchy-Schwarz that
(εδφ′′, w2αφ) = −εδ‖φ′‖2L2α + (εδφ
′,−2wαw′αφ)
≤ −εδ‖φ′‖2L2α + ηεδ‖φ
′‖2L2α + Cηεδ‖φ‖
2
L2α
.
Therefore, by taking η > 0 suitably small, one has
‖φ‖2L2α + εδ‖φ
′‖2L2α ≤ C‖n‖
2
L2α
+ Cεδ‖φ‖2L2α + C‖h2‖
2
L2α
. (3.6)
Similarly, taking the inner product of the second equation of (3.1) with w2αφ
′′ and
integrating by parts, one has
‖φ′‖2L2α + εδ‖φ
′′‖2L2α ≤ C{‖φ‖
2
L2α
+ ‖n‖2H1α + ‖h2‖
2
H1α
}. (3.7)
In what follows it is necessary to get the uniform-in-ε estimate for ‖[n′′, φ′′]‖L2α .
Differentiating the first equation of (3.1) with respect to z and taking the inner
product of the resultant equation with w2αn
′′, one has
‖n′′‖2L2α =
(
A′n+An′ + h′1, w
2
αn
′′)+ δ√T + 1−1(φ′′′, w2αn′′). (3.8)
By Cauchy-Schwarz, the first inner product term is bounded by
η‖n′′‖2L2α + Cη{‖n‖
2
H1α
+ ‖h′1‖L2α}
with an arbitrary constant 0 < η < 1 to be chosen later. To estimate the last term
on the right-hand side of (3.8), we firstly differentiate the second equation of (3.1)
twice and then solve n′′ as
n′′(z) = φ′′(z)− εδφ′′′′(z)− h′′2(z). (3.9)
Thus, applying (3.9), one has
(δφ′′′, w2αn
′′) = (δφ′′′, w2αφ
′′) + (δφ′′′,−εδw2αφ′′′′) + (δφ′′′,−w2αh′′2). (3.10)
By integration by parts, the first term on the right is bounded as
|(δφ′′′, w2αφ′′)| = |(δφ′′, wαw′αφ′′)| ≤ Cδ‖φ′′‖2L2α ,
the second term is bounded as
|(δφ′′′,−εδw2αφ′′′′)| = εδ2|(φ′′′, wαw′αφ′′′)| ≤ Cεδ2‖φ′′′‖2L2α ,
and the last term is bounded as
|(δφ′′′,−w2αh′′2)| = |(δφ′′, wα{wαh′′′2 + 2w′αh′′2})| ≤ η‖φ′′‖2L2α + Cηδ
2‖h′′2‖2H1α .
This completes all estimates on the right-hand side of (3.10). Plugging those esti-
mates back to (3.8), one has
‖n′′‖L2α ≤ C{‖n‖H1α + (
√
δ +
√
η)‖φ′′‖L2α +
√
εδ‖φ′′′‖L2α}
+ C‖h′1‖L2α + Cηδ‖h′′2‖H1α . (3.11)
Here the constant 0 < η < 1 can be chosen small enough. For the estimate of
‖φ′′‖L2α , we take the inner product of (3.9) with w2αφ′′, which yields that
‖φ′′‖2L2α = (εδφ
′′′′, w2αφ
′′) + (h′′2 , w
2
αφ
′′) + (n′′, w2αφ
′′). (3.12)
From integration by parts again, one has
(εδφ′′′′, w2αφ
′′) = −εδ‖φ′′′‖2L2α + (−εδφ
′′′, 2wαw′αφ
′′)
≤ −εδ‖φ′′′‖2L2α + η‖φ
′′‖2L2α + Cηε
2δ2‖φ′′′‖2L2α .
ION-ACOUSTIC SHOCK IN A COLLISIONAL PLASMA 19
Moreover, by Cauchy-Schwarz, the last two terms on the right-hand side of (3.12)
is bounded by
η‖φ′′‖2L2α + Cη{‖n
′′‖L2α + ‖h′′2‖2L2α}.
Therefore, by collecting all estimates and taking 0 < η < 1 suitably small, it follows
from (3.12) that
‖φ′′‖L2α +
√
εδ‖φ′′′‖L2α ≤ Cεδ‖φ′′′‖L2α + C{‖n′′‖L2α + ‖h′′2‖L2α}. (3.13)
Furthermore, taking the inner product of (3.9) with εδφ′′′′w2α, one has
εδ‖φ′′′′‖L2α ≤ C{‖φ′′‖L2α + ‖n′′‖L2α + ‖h′′2‖L2α}. (3.14)
Finally, a suitable linear combination of (3.4), (3.5), (3.6), (3.7), (3.11), (3.13) and
(3.14) yields that
‖[n, φ]‖H2α +
√
εδ‖φ′′′‖L2α + εδ‖φ′′′′‖L2α
≤ C(δ +
√
δ)‖φ′′‖L2α + C
√
εδ(
√
δ +
√
εδ)‖φ′′′‖L2α
+ C{‖h1‖H1α + ‖h2‖H2α + δ‖h′′′2 ‖L2α}. (3.15)
Therefore, (3.2) with k = 2 follows from (3.15) by taking δ > 0 and ε > 0 suitably
small.
Step 2. In this step, we use the induction argument to show that the estimates
(3.2) is valid for any k ≥ 2. Notice that (3.2) for k = 2 has been proved in Step
1. Assume that this is valid for k ≥ 2. Differentiating the first equation of (3.1)
k-times with respect to z yields
dk+1n
dzk+1
=
∑
0≤k′≤k
dk
′
A
dzk′
· d
k−k′n
dzk−k′
+
δ√
T + 1
dk+2φ
dzk+2
+
dkh1
dzk
. (3.16)
Taking the inner product of (3.16) with w2α
dk+1n
dzk+1
, we have∥∥∥∥dk+1ndzk+1
∥∥∥∥2
L2α
=
∑
0≤k′≤k
(
dk+1n
dzk+1
, w2α
dk
′
A
dzk′
· d
k−k′n
dzk−k′
)
+
(
dkh1
dzk
, w2α
dk+1n
dzk+1
)
+
(
δ√
T + 1
dk+2φ
dzk+2
, w2α
dk+1n
dzk+1
)
:= J1 + J2 + J3. (3.17)
Using (5.2), the first inner product term on the right is bounded as
|J1| ≤ C
∑
0≤k′≤k
∣∣∣∣∣d
k′A
dzk′
∣∣∣∣∣
L∞
·
∥∥∥∥∥d
k−k′n
dzk−k′
∥∥∥∥∥
L2α
·
∥∥∥∥dk+1ndzk+1
∥∥∥∥
L2α
≤ η
∥∥∥∥dk+1ndzk+1
∥∥∥∥2
L2α
+ Cη,k‖n‖2Hkα .
Here the positive constant η > 0 can be chosen to be arbitrarily small. By Cauchy-
Schwarz, the second inner product is bounded as
|J2| ≤ η
∥∥∥∥dk+1ndzk+1
∥∥∥∥2
L2α
+ Cη
∥∥∥∥dkh1dzk
∥∥∥∥2
L2α
.
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To further estimate J3, in the similar way as before, we differentiate the second
equation of (3.1) k + 1 times and represent d
k+1n
dzk+1
as
dk+1n
dzk+1
=
dk+1φ
dzk+1
− εδd
k+3φ
dzk+3
− d
k+1h2
dzk+1
. (3.18)
Substituting this into J3, we have
J3 =
δ√
T + 1
(
dk+2φ
dzk+2
, w2α
dk+1φ
dzk+1
)
+
εδ2√
T + 1
(
−d
k+2φ
dzk+2
, w2α
dk+3φ
dzk+3
)
+
δ√
T + 1
(
−d
k+2φ
dzk+2
, w2α
dk+1h2
dzk+1
)
. (3.19)
Then by integration by parts, it follows from (3.19) that
|J3| ≤ C(δ + η)
∥∥∥∥dk+1φdzk+1
∥∥∥∥2
L2α
+ Cεδ2
∥∥∥∥dk+2φdzk+2
∥∥∥∥2
L2α
+ Cηδ
2
(∥∥∥∥dk+1h2dzk+1
∥∥∥∥2
L2α
+
∥∥∥∥dk+2h2dzk+2
∥∥∥∥2
L2α
)
.
Substituting estimates of J1 to J3 into (3.17), we have, for any small η > 0, that∥∥∥∥dk+1ndzk+1
∥∥∥∥
L2α
≤C‖n‖Hkα + C(
√
δ + η)
∥∥∥∥dk+1φdzk+1
∥∥∥∥
L2α
+ Cε1/2δ
∥∥∥∥dk+2φdzk+2
∥∥∥∥
L2α
+ Cη
∥∥∥∥dkh1dzk
∥∥∥∥
L2α
+ Cηδ
(∥∥∥∥dk+1h2dzk+1
∥∥∥∥
L2α
+
∥∥∥∥dk+2h2dzk+2
∥∥∥∥
L2α
)
. (3.20)
By using the induction assumption, (3.20) implies that
∥∥∥∥dk+1ndzk+1
∥∥∥∥
L2α
≤ C(
√
δ + η)
∥∥∥∥dk+1φdzk+1
∥∥∥∥
L2α
+ Cε1/2δ
∥∥∥∥dk+2φdzk+2
∥∥∥∥
L2α
+ Cη
{
‖h1‖Hkα + ‖h2‖Hk+1α + δ
∥∥∥∥dk+2h2dzk+1
∥∥∥∥
L2α
}
. (3.21)
From (3.18), we obtain that
∥∥∥∥dk+1φdzk+1
∥∥∥∥
L2α
+
√
εδ
∥∥∥∥dk+2φdzk+2
∥∥∥∥
L2α
+ εδ
∥∥∥∥dk+3φdzk+3
∥∥∥∥
L2α
≤ C
∥∥∥∥dk+1ndzk+1
∥∥∥∥
L2α
+ C
∥∥∥∥dk+1h2dzk+1
∥∥∥∥
L2α
. (3.22)
Therefore, (3.2) for k + 1 follows from a suitable combination of (3.21) and (3.22)
and taking both η and δ suitably small. This completes the proof of estimate (3.2).
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Step 3. In this step, we construct the solution to (3.1) by using the approximation
sequence [nε
′
, φε
′
] in terms of solutions to the following ODE system:

dnε
′
dz
= A(z)nε
′
+
ε′δ√
T + 1
d2φε
′
dz2
+ h1,
− εδd
2φε
′
dz2
= nε
′ − φε′ + h2,
nε
′
(0) = 0,
(3.23)
where 0 ≤ ε′ ≤ 1. Note that when ε′ = 1, the system (3.23) is exactly (3.1) under
consideration. In what follows let L−1ε′,ε,δ formally denote the solution operator for
the problem (3.23).
(i) Firstly we start with the case of ε′ = 0. From the first equation of (3.23), one
can solve n0(z) as
n0(z) =
∫ z
0
e
∫
z
y
A(τ)dτh1(y)dy.
Since it holds that
lim
z→+∞
A(z) = −2 < 0, lim
z→−∞
A(z) = 2 > 0,
one has
‖n0‖Hkα ≤ C‖h1‖Hk−1α <∞.
The existence of the solution φ0 to the second equation of (3.23) in case of ε′ = 0
can be shown by the Lax-Milgram Theorem and the Hk+2α -regularity can be shown
by using the Hkα-estimate of n
0 and h2. Here, the details of the proof are omitted
for brevity. Therefore, the solution U0(z) = [n0(z), φ0(z)] is well defined in the
function space Xα,k. One can thereby use the similar argument in previous steps
to deduce that the solution U0(z) = [n0(z), φ0(z)] also satisfies the estimate (3.2).
Hence the solution operator L−10,ε,δ in Xα,k has been constructed.
(ii) Next, we construct the solution of (3.23) when ε′ > 0 is small enough. For any
U = [n, φ] ∈ Xα,k, we introduce the linear mapping
Tε′U := L
−1
0,ε,δ[
ε′δ√
T + 1
φ′′ + h1, h2].
Then for any U1 = (n˜1, φ˜1) and U
2 = (n˜2, φ˜2) in Xα,k, one has from (3.2) that
‖Tε′(U1 − U2)‖Xα,k ≤ Cε′δ‖[φ˜1 − φ˜2]‖Hk+1α ≤ Cε−1/2ε′‖U1 − U2‖Xα,k , (3.24)
where the constant C > 0 is independent of δ, ε, and ε′. We now choose ε′0 =
ε1/2/2C. Then it follows from (3.24) that Tε′ is a contraction mapping on Xα,k for
any 0 < ε′ ≤ ε′0. Thus Tε′ has a unique fixed point Uε
′
:= [nε
′
, φε
′
] ∈ Xα,k. It is
direct to check that Uε
′
= [nε
′
, φε
′
] is the solution to (3.23). Therefore, L−1ε′,ε,δ is
well-defined for any 0 < ε′ ≤ ε′0. Moreover, the solution also satisfies the estimates
in (3.2).
(iii) Lastly, we introduce
Tε′
0
+ε′U = Tε′
0
+ε′ [n, φ] = L
−1
ε′
0
,ε,δ[ε
′δφ′′ + h1, h2].
Notice that by the uniform estimate (3.2), the upper bounds on the norm of the
solution in terms of L−1ε′,ε,δ is independent of ε and δ. Then by using the same
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argument as in (ii), one can show that Tε′
0
+ε′ is a contraction mapping on Xα,k and
thereby has a unique fixed point in Xα,k for 0 < ε
′ ≤ ε′0. Therefore, the solution
operator L−12ε′
0
,ε,δ has been constructed. Now we can repeat the same procedure and
finally construct the solution operator L−1ε,δ ≡ L−11,ε,δ for the original problem (3.1)
in Xα,k. The proof of Proposition 3.1 is then completed. 
3.2. Justification of the approximation. We have the following estimates on
the remaining terms r1 to r6 given in (1.45).
Lemma 3.2. Let 0 < α < 2. Then there exist positive constants ε2 and δ2 such
that if 0 < ε ≤ ε2 and 0 < δ ≤ δ2, then the following estimates hold:
∣∣∣∣dkr1dzk
∣∣∣∣ ≤ Cke−α|z|,
∣∣∣∣dkr4dzk
∣∣∣∣ ≤ Cke−α|z|,
for any integer k ≥ 0, where each Ck > 0 is a generic constant independent of ε
and δ. Moreover, we have
‖r1‖Hk−1α ≤ Ck,
‖r2[n, φ]‖Hk−1α ≤ Ck
√
ε‖[n, φ]‖Xα,k ,
‖r3‖Hk−1α ≤ Ckε‖[n, φ]‖2Xα,k{1 + ‖[n, φ]‖2Xα,k},
‖r4‖Hkα ≤ Ck,
‖r5[φ]‖Hkα ≤ Ckε‖φ‖Hkα ,
‖r6[φ]‖Hkα ≤ Ckε2eε
2‖φ‖L∞‖φ‖2Hkα ,
for any integer k ≥ 2, where each Ck > 0 is a generic constant independent of ε
and δ.
Proof. We first consider r4. Note from (1.37) that
1 + εn1,ε(±∞)− eεφ1,ε(±∞) = 0.
Hence, by (1.45), one can rewrite r4 as
r4 = ε
−2
{
ε [n1,ε − n1,ε(±∞)]−
[
eεφ1,ε − eεφ1,ε(±∞)
]}
.
Using (1.27), it further reduces to
r4 =ε
−1{[n1,ε − n1,ε(±∞)]− [n1 − n1,±]}
− ε−1{[φ1,ε − φ1,ε(±∞)]− [φ1 − φ1,±]}
+O(1)|φ1,ε − φ1,ε(±∞)|.
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Then we use Lemma 5.1 and Lemma 5.2 to conclude the desired estimates on r4.
Similarly, it holds that
r1 =
δ(1 + εn1,ε)√
T + 1
ε−1[φ′′1,ε − n′′1,ε] + (
1√
T + 1
+ n1,ε)n
′
1,ε
+
δ(1 + εn1,ε)n1,εφ
′′
1,ε√
T + 1
− δ(1 + εn1,ε)
2
2
√
T + 1
(φ′1,ε)
2
=
δ(1 + εn1,ε)√
T + 1
ε−1[φ′′1,ε − φ′′1 − (n′′1,ε − n′′1) + φ′′1 − n′′1︸ ︷︷ ︸
=0 by (1.27)
] + (
1√
T + 1
+ n1,ε)n
′
1,ε
+
δ(1 + εn1,ε)n1,εφ
′′
1,ε√
T + 1
− δ(1 + εn1,ε)
2
2
√
T + 1
(φ′1,ε)
2.
Notice that each term on the right contains derivatives, so that all the right-hand
terms and hence r1 vanish at z → ±∞. Then the estimates on r1 directly follow
from Lemma 5.1 and Lemma 5.2. Estimates on other terms can be treated with
the help of the Sobolev inequality; we omit the details of the proof for brevity. The
proof of Lemma 3.2 is then complete. 
Now we are in position to prove Theorem 1.2. We start from the approximation
sequence Ui = [ni, φi] (i = 0, 1, · · · ) in terms of

n′i+1 = A(z)ni+1 +
δ√
T + 1
φ′′i+1 + r1 + r2[ni, φi] + r3[ni, φi],
− εδφ′′i+1 = ni+1 − φi+1 + r4 + r5[φi] + r6[φi],
ni+1(0) = 0, U0 = [0, 0].
Note that the existence of the sequence {Ui}i≥0 is assured by Proposition 3.1. By
induction, we claim to have the uniform bound of Ui as
‖Ui‖Xα,k ≤ K, i = 0, 1, · · · (3.25)
for a suitably chosen constant K > 0 independent of ε, δ and i. Indeed, (3.25) is
obviously true for i = 0, since U0 = [0, 0]. To proceed, we assume that (3.25) is
true up to i ≥ 0. Applying Proposition 3.1 to U = Ui+1 with
h1 = r1 + r2[ni, φi] + r3[ni, φi], h2 = r4 + r5[φi] + r6[φi],
and further using Lemma 3.2 to estimate the right-hand side of (3.2) as
‖h1‖Hk−1α ≤ ‖r1‖Hk−1α + ‖r2‖Hk−1α + ‖r3‖Hk−1α
≤ Ck + Ck
√
ε‖Ui‖Xα,k
(
1 + ‖Ui‖3Xα,k
)
,
‖r5[φi]‖Hkα + δ
∥∥∥∥dk+1r5dzk+1
∥∥∥∥
L2α
≤ Ckε‖φi‖Hkα + Ckεδ
∥∥∥∥dk+1φidzk+1
∥∥∥∥
L2α
≤ Ck
√
ε‖Ui‖Xα,k ,
‖r6[φi]‖Hkα + δ
∥∥∥∥dk+1r6dzk+1
∥∥∥∥
L2α
≤ Ckε2eε
2‖φi‖Hkα
(
‖φi‖2Hkα + δ
∥∥∥∥dk+1φidzk+1
∥∥∥∥2
L2α
)
≤ Ckεeε
2‖φi‖Hkα‖Ui‖2Xα,k ,
one can conclude that ‖Ui+1‖Xα,k is bounded by
B + C
√
ε‖Ui‖Xα,k
{
1 + ‖Ui‖Xα,k
(
1 + eε
2‖Ui‖Xα,k
)
+ ‖Ui‖3Xα,k
}
, (3.26)
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for a generic constant B > 0 independent of ε, δ and i. In terms of the induction
hypothesis, it follows from (3.26) that
‖Ui+1‖Xα,k ≤ K
by taking K = 2B and ε > 0 small enough. This then proves (3.25).
By a similar argument, one can further show that the estimate
‖Ui+1 − Ui‖Xα,k ≤
1
2
‖Ui − Ui−1‖Xα,k
holds true for all i ≥ 1, provided that ε > 0 is small enough. Thus, {Ui}i≥0 is a
Cauchy sequence in Xα,k, and hence there is U ∈ Xα,k such that Ui → U as i→∞
in terms of the norm of Xα,k. It is straightforward to check that the limit function
U := [nR, φR] solves the problem (1.44) and satisfies (1.49) by choosing Ck = K.
Once nR is solved, uR can be solved according to (1.41) and it follows that
‖uR‖Hkα ≤ C‖[nR, φR‖Xα,k + C.
This then proves (1.50) due to (1.49) by re-choosing Ck suitably large. Therefore,
(1.48) is justified with the uniform estimates (1.49) and (1.50) for the remaining
terms. The proof of Theorem 1.2 is complete. 
4. Dynamical stability of shock profiles
In this section we turn to the proof of Theorem 1.7 for the large time asymptotic
stability of the smooth small-amplitude shock profile obtained in Theorem 1.1 under
suitably small smooth perturbations. The proof is based on the anti-derivative
technique and the elementary energy method. Compared to the classical result for
the Navier-Stokes equations, the main difficulty is to treat the extra effect of the
self-consistent force.
4.1. Reformulation. Recall the coordinate (t, y) = (t, x − st). We define the
perturbation around the shock profile [v¯, u¯, φ¯](y) as
[v˜, u˜, φ˜] := [v − v¯, u− u¯, φ− φ¯].
Then by (1.51), [v˜, u˜, φ˜](t, y) satisfies

v˜t − sv˜y − u˜y = 0,
u˜t − su˜y + T
(
1
v
− 1
v¯
)
y
= µ
(uy
v
− u¯y
v¯
)
y
−
(
φy
v
− φ¯y
v¯
)
,
− λ2
(
φy
v
− φ¯y
v¯
)
y
= v¯eφ¯ − veφ.
(4.1)
As for obtaining (1.54), the second equation of (4.1) can be rewritten as
u˜t − su˜y + (T + 1)
(
1
v
− 1
v¯
)
y
− µ
(uy
v
− u¯y
v¯
)
y
=
λ2
2
[(
φy
v
)2
−
(
φ¯y
v¯
)2]
y
− λ2
[
1
v
(
φy
v
)
y
− 1
v¯
(
φ¯y
v¯
)
y
]
y
. (4.2)
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Recall (1.57) for a formal definition of [Φ,Ψ]. Then, from (4.1) as well as (4.2), by
formally taking integration of [v˜, u˜](t, ·) from −∞ to y, [Φ,Ψ, φ](t, y) satisfies

Φt − sΦy −Ψy = 0,
Ψt − sΨy + (T + 1)
(
1
v¯ +Φy
− 1
v¯
)
− µ
(
Ψyy + u¯y
v¯ +Φy
− u¯y
v¯
)
=
λ2
2
[(
φy
v
)2
−
(
φ¯y
v¯
)2]
− λ2
[
1
v
(
φy
v
)
y
− 1
v¯
(
φ¯y
v¯
)
y
]
,
− λ2
(
φy
v
− φ¯y
v¯
)
y
= v¯eφ¯ − veφ,
(4.3)
supplemented with the initial data of [Φ,Ψ] given in (1.58). We regard the Cauchy
problem (4.3) and (1.58) on [Φ,Ψ, φ](t, y) as an auxiliary problem for obtaining the
existence of the original solution [v, u, φ](t, y) by defining
[v, u] = [v¯, u¯] + [Φy,Ψy], (4.4)
and the uniqueness of solutions [v, u, φ] in the prescribed function space can be
independently proved. Thus there is actually no need to justify if the right-hand
terms of (1.57) are well defined. Since it is a standard procedure, in what follows
we will only focus on the existence of smooth solutions to the Cauchy problem (4.3)
and (1.58) by the energy method.
4.2. A priori estimates. We are now devoted to obtaining the a priori estimates
of solutions to the Cauchy problem (4.3) and (1.58).
Proposition 4.1. Let M > 0 be an arbitrary constant and [Φ,Ψ, φ˜] be a smooth
solution to the Cauchy problem (4.3) on [0,M ] with initial data [Φ0,Ψ0] ∈ H2.
Then there exist positive constants e1 and ε˜1 independent of M such that if
sup
0≤t≤M
‖[Φ,Ψ, φ˜](t)‖H2 ≤ e1 (4.5)
and
|v+ − v−| ≤ ε˜1 (4.6)
then it holds that
‖[Φ,Ψ, φ˜](t)‖2H2 +
∫ t
0
‖√sv¯v¯yΨ(τ)‖2L2
+ ‖[Φy, φ˜t](τ)‖2H1 + ‖[Ψy, φ˜](τ)‖2H2dτ ≤ C‖[Φ0,Ψ0]‖2H2 , (4.7)
for all t ∈ [0,M ].
We will devote the rest of this subsection to prove Proposition 4.1. Firstly we
estimate the zero-order energy of [Φ,Ψ, φ˜]. For this, we rewrite (4.3) as follows:

Φt − sΦy −Ψy = 0,
Ψt − sΨy − (T + 1)
v¯2
Φy − µ
v¯
Ψyy = −λ2
[
1
v
(
φy
v
)
y
− 1
v¯
(
φ¯y
v¯
)
y
]
+ J1 +N1,
− λ2
(
φy
v
− φ¯y
v¯
)
y
= −eφ¯Φy − v¯eφ¯φ˜+N2,
(4.8)
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where we have denoted
J1 ≡ λ2
(
φ¯yφ˜y
v2
− φ¯
2
yΦy
v2v¯
)
− µu¯yΦy
vv¯
,
N1 ≡
−(T + 1)Φ2y
v¯2v
− µΨyyΦy
vv¯
+
λ2
2
(
φ˜2y
v2
− φ¯
2
yΦ
2
y
v2v¯2
)
,
N2 ≡ eφ¯(1− eφ˜)Φy + v¯eφ¯(1 − e−φ˜ + φ˜).
Lemma 4.2. Under the assumptions of Proposition 4.1, it holds that
‖[Φ,Ψ, φ˜, φ˜y](t)‖2L2 +
∫ t
0
{‖√sv¯v¯yΨ(τ)‖2L2 + ‖Ψy(τ)‖2L2}dτ
≤ C‖[Φ0,Ψ0]‖2L2 + C‖φ˜(0)‖2H1
+ C(e1 + ε˜1)
∫ t
0
{
‖[Φy,Ψy](τ)‖2H1 + ‖φ˜(τ)‖2H2 + ‖φ˜t(τ)‖2H1
}
dτ, (4.9)
for all t ∈ [0,M ].
Proof. Firstly, it holds from Sobolev embedding H1(R) →֒ L∞(R) as well as the a
priori assumption (4.5) that
‖[Φ,Ψ, φ˜](t)‖L∞ + ‖[Φy,Ψy, φ˜y](t)‖L∞ ≤ Ce1, (4.10)
with a generic constant C > 0. Then, for e1 suitably small, in terms of (4.4) and
v˜ = Φy, we have
¯
V ≤ v = v¯ + v˜ ≤ V¯, (4.11)
for two positive constants
¯
V , V¯ > 0. Multiplying the first and second equations of
(4.8) by (T + 1)Φ and v¯2Ψ respectively and adding them up, we have{
T + 1
2
Φ2 +
v¯2
2
Ψ2
}
t
+ {· · · }y + sv¯v¯yΨ2 + µv¯Ψ2y
= −µv¯yΨΨy + (J1 +N1)v¯2Ψ− λ2v¯2Ψ
[
1
v
(
φy
v
)
y
− 1
v¯
(
φ¯y
v¯
)
y
]
, (4.12)
where the second term {· · · }y on the left stands for the total derivative term and
will disappear after taking integration with respect to y. Note that the coefficient
of Ψ2 in the third term on the left is positive due to (1.56) for the compressibility
of the shock profile. Now we estimate the right-hand side of (4.12) term by term.
By Cauchy-Schwarz, the first term is bounded as
|µv¯yΨΨy| ≤ ηsv¯v¯yΨ2 + Cη|v+ − v−| · |Ψy|2, (4.13)
with an arbitrary constant 0 < η < 1 to be chosen later. The second term on the
right-hand side of (4.12) comes from inhomogeneous and nonlinear contributions.
Therefore, it holds from (1.56), (4.10) and (4.11) that∣∣(J1 +N1)v¯2Ψ∣∣ ≤ ηsv¯v¯yΨ2 + {Cη|v+ − v−|+ C√E(t)}(Φ2y +Ψ2yy + φ˜2y) . (4.14)
Here and in the sequel we have used the notation E(t) given in (1.60). To estimate
the last term on the right-hand side of (4.12), we first rewrite it as
λ2
[
1
v
(
φy
v
)
y
− 1
v¯
(
φ¯y
v¯
)
y
]
v¯2Ψ = λ2
[(
φy
v2
− φ¯y
v¯2
)
v¯2Ψ
]
y
− λ2φ˜yΨy +N3, (4.15)
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where N3 is denoted by
N3 ≡ −λ2v¯2
(
1
v2
− 1
v¯2
)
φyΨy − 2λ2v¯v¯yΨ
(
φy
v2
− φ¯y
v¯2
)
+ λ2v¯2Ψ
(
vyφy
v3
− v¯yφ¯y
v¯3
)
.
Using (4.10) and (4.11), it is direct to show that N3 is bounded by
|N3| ≤ η|v¯y |Ψ2 + {Cη|v+ − v−|+ C
√
E(t)}
(
Φ2y +Ψ
2
y + φ˜
2
y +Φ
2
yy
)
. (4.16)
Next, substituting the first equation of (4.8) into the second term on the right-hand
side of (4.15), one has
−λ2φ˜yΨy = −λ2φ˜yΦt + sλ2φ˜yΦy
= −λ2
(
φ˜yΦ
)
t
+ λ2φ˜ytΦ + sλ
2φ˜yΦy
= −λ2
(
φ˜yΦ
)
t
+ λ2
(
φ˜tΦ
)
y
− λ2φ˜tΦy + sλ2φ˜yΦy. (4.17)
Now it remains to deal with the last two terms in the last line of (4.17). For this,
one should turn to the Poisson equation. In fact, it follows from the third equation
of (4.8) that
Φy = λ
2e−φ¯
(
φy
v
− φ¯y
v¯
)
y
− v¯φ˜+ e−φ¯N2. (4.18)
Then one has
−λ2φ˜tΦy = −λ4e−φ¯
(
φy
v
− φ¯y
v¯
)
y
φ˜t + λ
2v¯φ˜tφ˜− λ2e−φ¯φ˜tN2
=
[
λ2v¯
2
φ˜2 +
λ4e−φ¯
2v¯
φ˜2y
]
t
−
[
λ4e−φ¯
(
φy
v
− φ¯y
v¯
)
φ˜t
]
y
+ I1, (4.19)
where I1 is denoted by
I1 ≡ λ4e−φ¯
[(
1
v
− 1
v¯
)
φyφ˜ty − φ¯y
(
φy
v
− φ¯y
v¯
)
φ˜t
]
− λ2e−φ¯φ˜tN2.
Using (4.10) for ε˜1 suitably small, it is straightforward to bound I1 by
|I1| ≤ C{|v+ − v−|+
√
E(t)}
(
|φ˜|2 + |φ˜t|2 + |φ˜ty|2 + |Φy|2
)
. (4.20)
In the same way as before, the last term on the right-hand side of (4.17) can be
computed as
sλ2φ˜yΦy = sλ
4e−φ¯
(
φy
v
− φ¯y
v¯
)
y
φ˜y − sλ2v¯φ˜φ˜y + sλ2e−φ¯N2φ˜y
=
[
sλ4e−φ¯
(
φy
v
− φy
v¯
)
φ˜y +
sλ4e−φ¯φ˜2y
2v¯
− sλ
2v¯φ˜2
2
]
y
+ I2, (4.21)
where I2 is denoted by
I2 ≡ sλ4e−φ¯
{(
φ¯y
2v¯
− v¯y
2v¯2
)
φ˜2y +
(
φy
v
− φy
v¯
)(
φ¯yφ˜y − φ˜yy
)}
+ sλ2e−φ¯N2φ˜y + sλ
2v¯yφ˜
2
2
.
28 R.-J. DUAN, S.-Q. LIU, AND Z. ZHANG
One can bound I2 by
|I2| ≤ C{|v+ − v−|+
√
E(t)}
(
|φ˜|2 + |φ˜y |2 + |φ˜yy|2 + |Φy|2
)
. (4.22)
In sum, collecting all the above estimates (4.13), (4.14), (4.15), (4.16), (4.17), (4.19),
(4.20), (4.21) and (4.22), we bound the right-hand side of (4.12) by
−
{
λ2v¯φ˜2
2
+
λ4e−φ¯φ˜2y
2v¯
− λ2φ˜yΦ
}
t
+ {· · · }y + ηsv¯v¯yΨ2
+ {Cη|v+ − v−|+ C
√
E(t)}
{ 2∑
i=1
∣∣∂iy[Φ,Ψ]∣∣2 + 2∑
i=0
∣∣∂iyφ˜∣∣2 + 1∑
i=0
∣∣∂iyφ˜t∣∣
}
, (4.23)
with an arbitrary constant 0 < η < 1 to be chosen later. Substituting (4.23) into
(4.12), integrating it with respect to y, and taking a suitably small constant η > 0,
one obtains that
E ′1(t) +
∫
R
(
sv¯v¯yΨ
2 + µv¯Ψ2y
)
dy
≤ C{|v+ − v−|+
√
E(t)}
(
‖[Φy,Ψy, φ˜t]‖2H1 + ‖φ˜‖2H2
)
, (4.24)
for all t ∈ [0,M ], where E1(t) is denoted by
E1(t) ≡
∫
R
(
v¯2Ψ2
2
+
λ2v¯φ˜2
2
+
(T + 1)Φ2
2
+
λ4e−φ¯φ˜2y
2v¯
− λ2φ˜yΦ
)
dy. (4.25)
Finally, one can check that E1(t) is a nonnegative energy functional. Indeed, by the
Poisson equation, one has∣∣∣v¯−1e−φ¯ − 1∣∣∣ = ∣∣∣λ2v¯−1e−φ¯(v¯−1φ¯y)y∣∣∣ ≤ C|v+ − v−|. (4.26)
Then, due to (4.6) with ε˜1 suitably small, the quadratic integrand of E1(t) has a
lower bound as
(T + 1)Φ2
2
+
λ4e−φ¯φ˜2y
2v¯
− λ2φ˜yΦ ≥ c
(
|Φ|2 + |φ˜y|2
)
, (4.27)
for a generic constant c > 0. Here we have essentially used the condition T > 0.
Therefore, (4.9) follows from integrating (4.24) over [0, t]. This completes the proof
of Lemma 4.2. 
Next, we need to derive the dissipation terms ‖[Φy, φ˜, φ˜y, φ˜yy]‖L2 as well as the
dissipation of φ˜ in H2.
Lemma 4.3. Under the assumptions of Proposition 4.1, it holds that
‖Φy(t)‖2L2 +
∫ t
0
{
‖Φy(τ)‖2L2 + ‖φ˜(τ)‖2H2
}
dτ
≤ C‖[Φ0y,Ψ0]‖2L2 + C(e1 + ε˜1)
∫ t
0
‖[Φyy,Ψyy](τ)‖2L2dτ
+ C
(
‖Ψ(t)‖2L2 +
∫ t
0
{‖√sv¯v¯yΨ(τ)‖2L2 + ‖Ψy(τ)‖2L2}dτ
)
, (4.28)
and
‖φ˜(t)‖2H2 ≤ C‖Φy(t)‖2L2 + C(e1 + ε˜1)‖Φyy(t)‖2L2 , (4.29)
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for all t ∈ [0,M ].
Proof. Differentiating the first equation of (4.3) with respect to y, one has
Φty − sΦyy −Ψyy = 0. (4.30)
Then, multiplying (4.30) and the second equation of (4.3) by Φy and −µ−1v¯Φy
respectively and adding them together, it holds that(
Φ2y
2
)
t
−
(
sΦ2y
2
)
y
+
8∑
j=3
Ij = 0, (4.31)
where Ij (3 ≤ j ≤ 8) are denoted by
I3 ≡ −(T + 1)
(
1
v¯ +Φy
− 1
v¯
)
v¯Φy
µ
, I4 ≡ −µ−1(Ψt − sΨy)v¯Φy,
I5 ≡ −ΨyyΦy + v¯Φy
(
Ψyy + u¯y
v¯ +Φy
− u¯y
v¯
)
, I6 ≡ λ
2v¯Φy
2µ
[(
φy
v
)2
−
(
φ¯y
v¯
)2]
,
I7 ≡ −µ−1λ2v¯(v¯−1φ¯y)y(1
v
− 1
v¯
)Φy, I8 ≡ −µ−1λ2v−1v¯Φy
(
φy
v
− φ¯y
v¯
)
y
.
Now we estimate I3 to I8 term by term. Firstly, it holds that
I3 =
(T + 1)Φ2y
µ(v¯ +Φy)
=
(T + 1)Φ2y
µv¯
− (T + 1)Φ
3
y
µ(v¯ +Φy)v¯
≥ (T + 1)Φ
2
y
µv¯
− C
√
E(t)Φ2y.
For I4, it is direct to compute
I4 = −
(
v¯ΦyΨ
µ
)
t
+
v¯ΦytΨ
µ
+
sv¯ΨyΦy
µ
= −
(
v¯ΦyΨ
µ
)
t
+
v¯Ψ
µ
(sΦyy +Ψyy) +
sv¯ΨyΦy
µ
= −
(
v¯ΦyΨ
µ
)
t
+ {· · · }y −
{
v¯y
µ
(sΨΦy +ΨΨy) +
v¯Ψ2y
µ
}
. (4.32)
By Cauchy-Schwarz, the last term of (4.32) is bounded by
ηΦ2y + Cη{sv¯v¯yΨ2 +Ψ2y},
where η > 0 can be small enough to be chosen later. As for I5 to I7, we have
|I5| =
∣∣∣( v¯
v
− 1
)
(ΨyyΦy + u¯yΦy)
∣∣∣ ≤ C{√E(t) + |v+ − v−|}{|Ψyy|2 + |Φy|2},
and
|I6|+ |I7| ≤ C{
√
E(t) + |v+ − v−|}{|Φy|2 + |φ˜y|2}.
Now it remains to estimate I8, which is delicate. Direct computations show that
I8 = −λ
2Φyφ˜yy
µv¯
+
λ2v¯Φy
µv
{(
φyy
v¯
− φyy
v
)
− v
v¯
(
φ˜yy
v
− φ˜yy
v¯
)
+
(
φyvy
v2
− φ¯y v¯y
v¯2
)}
. (4.33)
30 R.-J. DUAN, S.-Q. LIU, AND Z. ZHANG
The last term of (4.33) is bounded by
C{
√
E(t) + |v+ − v−|}
{
|Φy|2 + |Φyy|2 + |φ˜y|2 + |φ˜yy|2
}
.
Note that the first term on the right-hand of (4.33) can not be controlled by directly
replacing Φy from (4.18) like what has been done earlier in (4.19). Indeed, one
has to include some estimates on φ˜yy simultaneously so that the quadratic form
consisting of Φy and φ˜yy is strictly positive. For this purpose, multiplying (4.18)
by −λ2φ˜yy/µv¯, one has
λ4φ˜2yy
µv¯
+
λ2φ˜2y
µ
− λ
2φ˜yyΦy
µv¯
−
(
λ2φ˜φ˜y
µ
)
y
=
λ2e−φ¯φ˜yy
µv¯
{
λ2
(
φyy
v¯
− φyy
v
)
+λ2
(
φyvy
v2
− φ¯y v¯y
v¯2
)
+ λ2(eφ¯ − v¯−1)φ˜yy −N2
}
. (4.34)
Due to (4.26), the right-hand side of (4.34) is bounded by
C{|v+ − v−|+
√
E(t)}
{
|φ˜|2 + |φ˜y|2 + |φ˜yy|2 + |Φyy|2 + |Φy|2
}
.
Collecting all the above estimates for I3 to I8 as well as (4.34), it follows from
(4.31) that(
Φ2y
2
− v¯ΦyΨ
µ
)
t
+
{
(T + 1)Φ2y
µv¯
+
λ4φ˜2yy
µv¯
− 2λ
2φ˜yyΦy
µv¯
}
+
λ2φ˜2y
µ
+ {· · · }y
≤ η|Φy|2 + Cη
(
sv¯v¯yΨ
2 +Ψ2y
)
+ C{
√
E(t) + |v+ − v−|}
{
2∑
i=0
|∂iyφ˜|2 +
2∑
i=1
|∂iyΦ|2 + |Ψyy|2
}
, (4.35)
for an arbitrary constant 0 < η < 1. Note that the quadratic term on the left-hand
side has the lower bound as
λ4φ˜2yy
µv¯
+
(T + 1)Φ2y
µv¯
− 2λ
2φ˜yyΦy
µv¯
≥ c
(
λ4φ˜2yy
µv¯
+
(T + 1)Φ2y
µv¯
)
,
for a generic positive constant c. Therefore, integrating (4.35) with respect to y
and taking η > 0 suitably small, one has
d
dt
(
1
2
‖Φy(t)‖2L2 −
∫
R
v¯ΦyΨ
µ
dy
)
+ ‖Φy‖2L2 + ‖φ˜y‖2H1
≤ C
∫
R
(
sv¯v¯yΨ
2 +Ψ2y
)
dy
+ C{
√
E(t) + |v+ − v−|}
{
‖Ψyy‖2L2 + ‖Φy‖2H1 + ‖φ˜‖2H2
}
. (4.36)
Moreover, multiplying the third equation of (4.8) by φ˜, we obtain that
v¯eφ¯φ˜2 +
φ˜2y
v
+ {· · · }y = −λ2φ¯y
(
1
v
− 1
v¯
)
φ˜y − eφ¯Φyφ˜+N2φ˜. (4.37)
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Integrating (4.37) with respect to y and using Cauchy-Schwarz, it holds that
‖φ˜(t)‖2H1 ≤ C‖Φy(t)‖2L2 + C
√
E(t)‖φ˜(t)‖2L2 . (4.38)
Recall (4.5) and (4.6). Then, (4.28) follows from a suitable linear combination of
(4.36) and (4.38) as well as letting e1 and ε˜1 be small enough. As to the H
2 estimate
of φ˜, we note that (4.34) gives
‖φ˜y(t)‖2H1 ≤ C‖Φy(t)‖2L2 + C{
√
E(t) + |v+ − v−|}{‖Φy(t)‖2H1 + ‖φ˜‖2H2}. (4.39)
Therefore, (4.29) follows from combining (4.39) and (4.38) and letting e1 and ε˜1 be
further small enough. The proof for Lemma 4.3 is complete. 
Now we are prepared to derive the higher order energy estimates on [Φ,Ψ] in
Lemma 4.4 and Lemma 4.5 whose proof will be postponed to Section 5.4 in Appen-
dix. In fact, with L2tH
2
x estimate of φ˜ on hand, one can regard the terms induced
by the self-consistent force φ˜ as the inhomogeneous sources.
Lemma 4.4. Under the assumptions of Proposition 4.1, it holds that
‖u˜(t)‖2L2 +
∫ t
0
‖u˜y(s)‖2L2ds ≤ C‖u˜0‖2L2 + C
∫ t
0
‖[Φy,Ψy, φ˜y](s)‖2L2ds, (4.40)
and
‖u˜y(t)‖2L2 +
∫ t
0
‖u˜yy(s)‖2L2ds ≤ C‖u˜0y‖2L2 + C
∫ t
0
‖[v˜, v˜y, u˜y, φ˜y](s)‖2L2ds, (4.41)
for all t ∈ [0,M ].
Next, we derive the energy dissipation term ‖v˜y‖L2.
Lemma 4.5. Under the assumptions of Proposition 4.1, it holds that
‖v˜y(t)‖2L2 +
∫ t
0
‖v˜y(s)‖2L2ds
≤ C‖[v˜0y, u˜0]‖2L2 + C‖u˜(t)‖2L2 + Ce1
∫ t
0
‖u˜yy(s)‖2L2ds
+ C
∫ t
0
{
‖u˜(s)‖2H1 + ‖v˜(s)‖2L2 + ‖φ˜y(s)‖2L2
}
ds, (4.42)
for all t ∈ [0,M ].
Finally, to close the a priori assumption (4.5), we need to estimate the time
derivative φ˜t. In fact, we have the following
Lemma 4.6. Under the assumptions of Proposition 4.1, it holds that
‖φ˜t‖2H1 ≤ C{‖u˜y‖2L2 + ‖v˜y‖2L2}, (4.43)
for all t ∈ [0,M ].
Proof. Differentiate the third equation of (4.1) with respect to t and taking the
inner product of the resultant equation with φ˜t, one has
(veφφ˜t, φ˜t) + (λ
2v−1φ˜ty , φ˜ty) =
(
∂y(−λ2v−2φy v˜t), φ˜t
)
+ (−eφv˜t, φ˜t)
=
(
λ2v−2φy(sv˜y + u˜y), φ˜ty
)
+
(
−eφ(sv˜y + u˜y), φ˜t
)
, (4.44)
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where the first equation of (4.1) has been used for obtaining the second equality.
By Cauchy-Schwarz, it is direct to bound the right-hand side of (4.44) by
{η + C
√
E(t)}‖φ˜t‖2H1 + {Cη + C|v+ − v−|+ C
√
E(t)}{‖u˜y‖2L2 + ‖v˜y‖2L2}.
Recall (4.5) and (4.6). Thus, (4.43) follows by taking η > 0 suitably small and also
letting e1 and ε˜1 be small enough. The proof of Lemma 4.6 is then complete. 
Proof of Proposition 4.1: Letting positive constants e1 and ε˜1 be small enough, a
suitable linear combination of all estimates (4.9), (4.28), (4.40), (4.41), (4.42) and
(4.43) yields that
‖[Φ,Ψ](t)‖2H2 + ‖φ˜(t)‖2H1 +
∫ t
0
D(s)ds ≤ C‖[Φ0,Ψ0]‖2H2 + C‖φ˜(0, ·)‖2H1 , (4.45)
where D(s) is defined in (1.61). Since e1 and ε˜1 can be further small enough, by
(4.29) one has
‖φ˜(t)‖2H2 ≤ C‖Φy(t)‖2H1 , (4.46)
for all t ∈ [0,M ]. Then, from (4.45) together with (4.46), one has
‖[Φ,Ψ, φ˜](t)‖2H2 +
∫ t
0
D(s)ds ≤ C‖[φ0,Ψ0]‖2H2 ,
which proves (4.7). Therefore, the proof of Proposition 4.1 is complete. 
4.3. Global existence and large time behavior. This part is devoted to prov-
ing Theorem 1.7. First, the local-in-time existence and uniqueness of solutions
[Φ,Ψ, φ˜] to the Cauchy problem on the system (4.3) with initial data [Φ0,Ψ0] can
be obtained in a usual way; we omit the details by brevity. Furthermore, by a
continuity argument, the global existence of the solution [Φ,Ψ, φ˜] follows from the
uniform a priori estimates obtained in Proposition 4.1. As a consequence, the so-
lution to (4.1) with the corresponding initial data is given by [v˜, u˜, φ˜] = [Φy,Ψy, φ˜].
As mentioned before, we also omit the proof of uniqueness for brevity. Therefore,
it remains to show the large time behaviour (1.62). To do this, we see from (4.1)
as well as (1.59) that∫ ∞
0
∣∣∣∣ ddt‖[v˜, u˜, φ˜](t)‖2L2
∣∣∣∣dt ≤ 2
∫ ∞
0
{|(v˜, v˜t)|+ |(u˜, u˜t)|+ |(φ˜, φ˜t)|}dt
≤ C
∫ ∞
0
D(t)dt ≤ CE0.
Moreover, since it also holds that∫ t
0
‖[v˜, u˜, φ˜](t)‖2L2dt ≤ C
∫ ∞
0
D(t)dt ≤ CE0,
one can see that ‖[v˜, u˜, φ˜](t)‖L2 tends to zero as t→∞. Hence by Sobolev inequal-
ity, one has
‖[v˜, u˜, φ˜](t)‖L∞ ≤
√
2‖[v˜, u˜, φ˜](t)‖1/2L2 ‖[v˜y, u˜y, φ˜y](t)‖1/2L2 ≤ CE1/40 ‖[v˜, u˜, φ˜](t)‖1/2L2 ,
which goes to zero as t→∞. This proves (1.62). Therefore, the proof of Theorem
1.7 is complete. 
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5. Appendix
5.1. KdV-Burgers shock profile. Concerning the shock profiles for the KdV-
Burgers equation, we have the following result, cf. [3].
Lemma 5.1. Let 0 < α < 2. Then if δ > 0 is sufficiently small, the equations
(1.29) with (1.30), (1.31) with (1.32), and (1.33) with (1.34) have the smooth solu-
tions n1, u1 and φ1, respectively, which are unique up to a spatial shift and satisfy
the following properties:
n′1, u
′
1, φ
′
1 < 0, (5.1)
and ∣∣∣∣ dkdzk [n1 − n1,±, u1 − u1,±, φ1 − φ1,±]
∣∣∣∣ ≤ Cke−α|z|, z ≶ 0, (5.2)
for any integer k ≥ 0, where each positive constant Ck is independent of δ.
Proof. The existence and uniqueness of the smooth shock profile with properties
(5.1) have been proved in [3]. We only show (5.2). Integrating (1.29) from −∞ to
z, we have
2
√
T + 1n1 + (T + 1)n
2
1 −
√
T + 1n′1 + δn
′′
1 = 0. (5.3)
Let q = n′1. Then, (5.3) is equivalent to the following 1st-order ODE system for
[n1, q]: 

n′1 = q,
q′ = δ−1
{√
T + 1q − (T + 1)n21 − 2
√
T + 1n1
}
.
The Jacobian at the far fields (0, 0) and (− 2√
T+1
, 0) can be directly computed as
J± =
(
0 1
±2δ−1√T + 1 δ−1√T + 1
)
.
The eigenvalues are given by
λ±,1 =
√
T + 1−
√
T + 1± 8√T + 1δ
2δ
,
λ±,2 =
√
T + 1 +
√
T + 1± 8√T + 1δ
2δ
,
with
λ−,1 > 0, λ−,2 > 0, λ+,1 < 0, λ+,2 > 0.
Hence we have
lim
z→−∞
q
n1
= λ−,1 =
4
√
T + 1√
T + 1 +
√
T + 1− 8√T + 1δ
= 2 +O(δ),
lim
z→+∞
q
n1 +
2√
T+1
= λ+,1 =
−4√T + 1√
T + 1 +
√
T + 1− 8√T + 1δ
= −2 +O(δ).
This implies that, for any 0 < α < 2,
|n1 − n1,±| ≤ Ce−α|z|, z ≷ 0, (5.4)
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provided that δ > 0 is suitably small. Next, to estimate the derivatives of n1.
Taking the inner product of (5.3) with w2αn
′
1 gives
√
T + 1‖n′1‖2L2α = (δn
′′
1 , w
2
αn
′
1) + (T + 1)
(
n1(n1 +
2√
T + 1
), w2αn
′
1
)
.
From integration by parts, the first inner product term is equal to
−δ(n′1, wαw′αn′1) ≤ Cδ‖n′1‖2L2α .
By Cauchy-Schwarz, the second one is bounded by
η‖n′1‖2L2α + Cη
∥∥∥∥n1(n1 + 2√T + 1)
∥∥∥∥2
L2α
,
for η > 0. Therefore, by taking both η > 0 and δ > 0 suitably small, we have
‖n′1‖L2α ≤ C
∥∥∥∥n1(n1 + 2√T + 1)
∥∥∥∥
L2α
≤ C.
Here we have used the exponential decay property (5.4) in the last inequality.
The higher-order derivatives can be treated similarly. The proof of Lemma 5.1 is
complete. 
5.2. Error estimates. The following result gives the estimates on errors between
the first-order approximation [n1, u1, φ1] and the modified one [n1,ε, u1,ε, φ1,ε] de-
fined in (1.35). It can be shown by the same energy method as the one used for
proving Lemma 5.1. So the proof is omitted for brevity.
Lemma 5.2. Let 0 < α < 2. Assume that both ε > 0 and δ > 0 are suitably small.
For any integer k ≥ 0, there exists a constant Ck,α > 0 independent of δ and ε such
that ∣∣∣∣ dkdzk [n1,ε − n1,ε(±∞)− (n1 − n1,±)]
∣∣∣∣ ≤ Ck,αεe−α|z|,∣∣∣∣ dkdzk [u1,ε − u1,ε(±∞)− (u1 − u1,±)]
∣∣∣∣ ≤ Ck,αεe−α|z|,∣∣∣∣ dkdzk [φ1,ε − φ1,ε(±∞)− (φ1 − φ1,±)]
∣∣∣∣ ≤ Ck,αεe−α|z|,
for z ≶ 0. Moreover, let [n2, u2, φ2] := ε
−1[n1,ε − n1, u1,ε − u1, φ1,ε − φ1], then it
holds that ∣∣∣∣ dkdzk [n2, u2, φ2](z)
∣∣∣∣ ≤ Ck,α, z ∈ R.
5.3. Explicit formulas of r2 and r3. For completeness, we write down the explicit
formulas of r2 and r3 as
r2 =
εnR√
T + 1
{
2(T + 1)ε−1(n1,ε − n1)− 1 + 2(2
√
T + 1− ε)n1,ε
+ 3(T + 1)n21,ε + 2δ(1 + εn1,ε)φ
′′
1,ε − εδ(1 + εn1,ε)(φ′1,ε)2
}
+
εδ(2n1,ε + εn
2
1,ε)√
T + 1
φ′′R +
εn′R√
T + 1
− εδφ
′
1,ε(1 + εn1,ε)
2
√
T + 1
φ′R, (5.5)
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and
r3 =
ε[(T + 1)(2 + 3εn1,ε)− s2 + ε2δφ′′1,ε − δ2ε3(φ′1,ε)2]n2R√
T + 1
+ (T + 1)3/2ε3n3R +
2ε2δ(1 + εn1,ε)nRφ
′′
R√
T + 1
+
ε4δn2Rφ
′′
R√
T + 1
− ε
3δφ′1,εφ
′
R[2nR(1 + εn1,ε) + ε
2n2R]√
T + 1
− ε
2δ(φ′R)
2(1 + εn1,ε + ε
2nR)
2
2
√
T + 1
, (5.6)
respectively.
5.4. Higher order energy estimates. We give the detailed proof of Lemma 4.4
and Lemma 4.5 as follows.
Proof of Lemma 4.4: Taking the inner product of the second equation of (4.1) with
u˜ with respect to y over R, one has
(u˜t − su˜y, u˜) +
(
T
(
1
v
− 1
v¯
)
y
− µ
(uy
v
− u¯y
v
)
y
, u˜
)
−
(
φy
v
− φ¯y
v¯
, u˜
)
= 0. (5.7)
We estimate the left-hand inner products term by term. The first term is equal to
1
2
d
dt‖u˜(t)‖2L2. From integration by parts, the second term is computed as(
T
(
1
v
− 1
v¯
)
y
− µ
(uy
v
− u¯y
v
)
y
, u˜
)
=
(
−T
(
1
v
− 1
v¯
)
+ µ
(uy
v
− u¯y
v
)
, u˜y
)
=
(
µv−1u˜y, u˜y
)
+
(
(−T + µu¯y)
(
1
v
− 1
v¯
)
, u˜y
)
,
where the first term in the last line above is a good one and the second term is
bounded by η‖u˜y‖2L2 +Cη‖Φy‖2L2 with an arbitrary constant 0 < η < 1. The third
term on the left-hand side of (5.7) is bounded by C{‖Φy‖2L2 + ‖u˜‖2L2 + ‖φ˜y‖2L2}.
Plugging these estimates back into (5.7) and letting 0 < η < 1 be suitably small,
one has
1
2
d
dt
‖u˜(t)‖2L2 + c‖u˜y‖2L2 ≤ C
(
‖Φy‖2L2 + ‖u˜‖2L2 + ‖φ˜y‖2L2
)
. (5.8)
Then (4.40) follows from integrating (5.8) over [0, t].
Next, we show (4.41). Taking the inner product of the second equation of (4.1)
with −u˜yy with respect to y over R gives that
1
2
d
dt
‖u˜y‖2L2 +
(
T
(
1
v
− 1
v¯
)
y
,−u˜yy
)
︸ ︷︷ ︸
I9
+
(
µ
(uy
v
− u¯y
v¯
)
y
, u˜yy
)
︸ ︷︷ ︸
I10
+
(
φy
v
− φ¯y
v¯
, u˜yy
)
= 0︸ ︷︷ ︸
I11
. (5.9)
The inner product terms I9, I10 and I11 above are computed as follows. By Cauchy-
Schwarz, I9 and I11 can be bounded respectively as
|I9| =
∣∣∣∣T
(−vy
v2
+
v¯y
v¯2
,−u˜yy
)∣∣∣∣ ≤ η‖u˜yy‖2L2 + Cη(‖v˜‖2L2 + ‖v˜y‖2L2),
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and
|I11| ≤ η‖u˜yy‖2L2 + Cη(‖Φy‖2L2 + ‖φ˜y‖2L2),
with an arbitrary constant 0 < η < 1. As to I10, we rewrite it as
I10 =
(
µv−1u˜yy, u˜yy
)− (µv−2v˜yu˜y, u˜yy)+ (µu¯yy (1
v
− 1
v¯
)
, u˜yy
)
+
(
µu¯yv¯y
(
1
v¯2
− 1
v2
)
, u˜yy
)
−
(
µ
v¯yu˜y + u¯y v˜y
v2
, u˜yy
)
. (5.10)
On the right-hand side of (5.10), the first term is a good one, and the second term
is bounded as ∣∣(v−2v˜yu˜y, u˜yy)∣∣ ≤ C‖u˜y‖L∞‖v˜y‖L2‖u˜yy‖L2
≤ C‖u˜y‖
1
2
L2‖v˜y‖
1
4
L2‖u˜yy‖
3
2
L2‖v˜y‖
3
4
L2
≤ C‖v˜y‖L2‖u˜y‖2L2 + C‖v˜y‖L2‖u˜yy‖2L2
≤ C
√
E(t) (‖u˜y‖2L2 + ‖u˜yy‖2L2) ,
where we have used the Sobolev inequality in the second line and Young’s inequality
in the third line. Also, the last three terms on the right-hand side of (5.10) are
bounded by
C|v+ − v−|
{‖u˜y‖2L2 + ‖u˜yy‖2L2 + ‖v˜‖2L2+‖v˜y‖2L2} .
Plugging those estimates on I9 to I11 back into (5.9) and taking η > 0 suitably
small, one has
1
2
d
dt
‖u˜y‖2L2 + c‖u˜yy‖2L2 ≤ C‖[v˜, v˜y, u˜y, φ˜y]‖2L2 + C{|v+ − v−|+
√
E(t)}‖u˜yy‖2L2.
(5.11)
Recall (4.5) and (4.6). Then (4.41) follows from integrating (5.11) over [0, t] and
letting e1 and ε˜1 be small enough. The proof of Lemma 4.4 is complete. 
Proof of Lemma 4.5: By taking the inner products of the first and second equations
of (4.1) with −µv˜yy and −vv˜y respectively and adding the resultant equations
together, we obtain that
µ
2
d
dt
‖v˜y‖2L2 + (u˜t − su˜y,−vv˜y)︸ ︷︷ ︸
I12
+
(
T
(
1
v
− 1
v¯
)
y
,−vv˜y
)
︸ ︷︷ ︸
I13
+ (µu˜y, v˜yy) +
((µuy
v
− µu¯y
v¯
)
y
, vv˜y
)
︸ ︷︷ ︸
I14
−
(
φy
v
− φ¯y
v¯
, vv˜y
)
︸ ︷︷ ︸
I15
= 0. (5.12)
We estimate terms I12 to I15 as follows. Firstly, I12 is computed as
I12 = d
dt
(u˜,−vv˜y) + (u˜, v˜tv˜y) + (u˜, vv˜ty) + (su˜y, vv˜y)
=
d
dt
(u˜,−vv˜y) + (u˜,−v¯yv˜t) + (u˜y,−vv˜t) + (su˜y, vv˜y).
Replacing v˜t by the first equation of (4.1), I12 is further equal to
I12 = d
dt
(u˜,−vv˜y) + (u˜,−v¯y(sv˜y + u˜y)) + (u˜y,−v(sv˜y + u˜y)) + s(u˜y, vv˜y),
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where the last three terms are bounded by η‖v˜y‖2L2 +Cη{‖u˜‖2L2 + ‖u˜y‖2L2} with an
arbitrary constant 0 < η < 1. As to I13, it follows that
I13 =
(
−Tvy
v2
+
T v¯y
v¯2
,−vv˜y
)
= (Tv−1v˜y, v˜y) +
(
T v¯y
(
1
v¯2
− 1
v2
)
,−vv˜y
)
,
where the first term on the right is good and the second inner product is bounded
by η‖v˜y‖2L2 + Cη‖v˜‖2L2 with an arbitrary constant 0 < η < 1. For I14, one has
I14 =
(µuyy
v
− µu¯yy
v¯
, vv˜y
)
+ (µu˜y, v˜yy) +
(−µuyvy
v2
+
µu¯y v¯y
v¯2
, vv˜y
)
=
(
µu¯yy(v
−1 − v¯−1), vv˜y
)
+
(−µuyvy
v2
+
µu¯y v¯y
v¯2
, vv˜y
)
.
By Cauchy-Schwarz, the first inner product term on the right is bounded as∣∣(µu¯yy(v−1 − v¯−1), vv˜y)∣∣ ≤ η‖v˜y‖2L2 + Cη‖v˜‖2L2.
And the second one is computed as(−µuyvy
v2
+
µu¯y v¯y
v¯2
, vv˜y
)
=
(− µv−1(u¯yv˜y + v¯yu˜y), v˜y)
−
(
µu¯yv¯y
(
1
v2
− 1
v¯2
)
, vv˜y
)
− (µv−1v˜yu˜y, v˜y). (5.13)
On the right-hand side of (5.13), the last inner product term is bounded as
|(µv−1v˜yu˜y, v˜y)| ≤ ‖u˜y‖L∞‖v˜y‖2L2 ≤ C‖u˜y‖H1‖v˜y‖2L2
≤ C‖v˜y‖L2‖u˜y‖2H1 + ‖v˜y‖3L2 ≤ C
√
E(t){‖u˜y‖2H1 + ‖v˜y‖2L2},
and the rest terms are bounded by C{|v+− v−|+
√E(t)}{‖u˜y‖2L2 + ‖v˜‖2H1}. Thus,
it follows from the above estimates that
|I14| ≤ η‖v˜y‖2L2 + Cη‖v˜‖2L2 + C{|v+ − v−|+
√
E(t)}{‖u˜y‖2H1 + ‖v˜y‖2L2},
with an arbitrary constant 0 < η < 1. For I15, it holds by Cauchy-Schwarz that
|I15| ≤ η‖v˜y‖2L2 + Cη{‖v˜‖2L2 + ‖φ˜y‖2L2}.
Plugging those estimates on I12 to I15 back into (5.12) and letting η > 0 be chosen
suitably small, we obtain that
d
dt
{µ
2
‖v˜y‖2L2 + (u˜,−vv˜y)
}
+ c‖v˜y‖2L2 ≤ C{‖u˜‖2H1 + ‖v˜‖2L2 + ‖φ˜y‖2L2}
+ C{|v+ − v−|+
√
E(t)}{‖v˜y‖2L2 + ‖u˜yy‖2L2}. (5.14)
Recall (4.5) and (4.6). Then (4.42) follows from integrating (5.14) over [0, t] and
letting e1 and ε˜1 be small enough. The proof of Lemma 4.5 is complete. 
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